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$ TORONTO 


Welcome 


Today’s Agenda 
* Introduction to ECE110 
* About me (Prof. Xilin Liu) 


* Coulombss law (start from electric charges) 


About Covid 


You are not alone! 
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About Online Learning 


* Attend the lectures and the tutorials 
* Interact with me, TA and your classmates 


= You are welcome to interrupt me any time for 
clarification questions 


* You are encouraged to turn on your cam 
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About This Course 


* This course is about the fundamental physics of 
electrical engineering and basic electronic circuits 


* Why electrical fundamentals are important? 


Electronics are everywhere 
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Main Goals 


* To understand basic laws governing the physical 
behaviors of electric charges, fundamental principles 
of electricity and magnetism, and functionalities of 
circuit elements. 


* To become comfortable applying fundamental laws of 
physics to study the behaviors of electric charges. 


* To become comfortable using various methods and 
techniques to analyze electrical circuits. 
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ONTO 


Course Information 


ECE110 


* The syllabus of this course has been posted on 


Quercus 


https://q.utoronto.ca/courses/252081/ 


* We will use Piazza for the class discussion board 


Instructor 


Email 


Stewart Aitchison, Coordinator 


stewart.aitchison@utoronto.ca 


Berj Bardakjian 


berj.bardakjian@utoronto.ca 


Mo Mojahedi mojahedi@waves.utoronto.ca 
Paul Yoo paul.yoo@utoronto.ca 
Xilin Liu xilinliu@ece.utoronto.ca 


Daniel Tovbis, Head TA 


daniel.tovbis@utoronto.ca 


Textbooks 


* This course is about the fundamental physics of 
electrical engineering and basic electronic circuits 


FUNDAMENT 


HYSICS 


JEARL WALKER 


Halliday 
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WileyPlus 


* To access follow the instructions in "Wiley 
registration instructions 2022.docx” Please Note: it's 
mandatory for every student to have an access 
code. 


= |f there is a problem with accessing your 
WileyPLUS account you can contact 
https://support.wileyplus.com/s/contactsupport first 
and then the Head TA, Daniel Tovbis at 
daniel.tovbis@utoronto.ca if your issue persists. 
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Recordings and Notes 


* Lecture recordings and annotated slides will be 
shared after the lecture (you should not copy, 
share, or use the recordings for other purpose) 


* | encourage you to take your own notes 


* You are welcome to take advantage of the 
materials shared by the other instructors 


о ЕСЕ110 


Marking Scheme 


Not-closely supervised work 15% 
Term Test 1 20% 

Term Test 2 20% 

Final Assessment 45% 
Total 100% 


* Test 1: 1 pm, Feb 15, 2022 (1.5 hours) 
* Test2: 7 pm, March 24, 2022 (1.5 hours) 
* Final Exam: TBD (2.5 hours) 


Academic Integrity 
http:/Awww.academicintegrity.utoronto.ca/ 


https://governingcouncil.utoronto.ca/secretariat/policies/code-behaviour-academic- 
matters-july-1-2019 
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TORONTO 


My Office Hour 


* Before we return on campus, | will hold virtual 
office hour every Thursday 10-11am 


* https://utoronto.zoom.us/j/82140730412 
Meeting ID: 821 4073 0412 
Passcode: 932186 


Experience 


4 Penn 


Qualcomm 


UNIVERSITY OF 


& TORONTO 
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Research Interests 


* Electronic Circuits & Systems 
* Brain-Machine Interface 
* Machine Learning 


E-Mail: xilinliu@ece.utoronto.ca 


https://www.eecg.utoronto.ca/-xilinliu/ 


Phone: (416) 946-5209 
Office: BA 5108 


Neurons deliver information by electrical signals 


We can listen to them, We can also talk to them 
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My Research - Brain Machine Interface 


Custom Headstage 


BMIIC MCU 


Connector | 
' ; 
À ғ Joint-angle— 
A ри y 
 Monkey'ss ^ Sensors 


<<. Вгаіп 


Finger force 


ECE110 Lecture 1 
4% 


Му Research - Listening from the Brain 


BMI 
` Custom Headstage ) 


=. ? 


Joint-angle— 
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Sensors 


Finger force 
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RONTO ECE110 Lecture 1 


My Research - Talking to the Brain 


Wireless 
= BMI 


Circular water tank Ø = 8 feet Hidden 
Platform 


ECE110 


No 


My Research - Talking to the Brain 


Starting point 
@ Platform location 


Brain encoding Brain encoding ON 


T] Quickly find the right direction 


19 


ECE110 Lecture 1 


Use Electronics to Treat Diseases 


Paralysis Epilepsy Inflammatory 


Immune 


Insomnia 3 
disorders 


Diabetes Hypertension Others 


ECE110 


My Research - Wireless Communication 


= 5 years of industrial analog, mixed- 
signal IC design experience with 
focus on data converters 


Key Blocks 


* Contributions to multiple premium- 
mmWave tier products including the first 5G 
module chip 
У EXE * High-volume design shipping: 
So ААС 910,000,000 chips | > 395 models 


t= е ý SAMSUNG vivo sony MI 
П - 2 Google Lenovo. Bi Microsoft oppo 
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RONTO 


Electric Charges 


* There are two types of electric charges: positive charge and 
negative charge 


* |f an object have equal amount of positive and negative charges, it 
is electrically neutral 


Benjamin Franklin (1706-1790) 
22 


S TORONTC 


Electric Charges 


= Charges may move through friction > excess charges 


STATIC 
ELECTRICITY 


= ESD (Electrostatic Discharge) 
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Electric Charges 


= Wintergreen Lifesaver candy 
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Welcome 


Today’s Agenda 

* Electric Charge 

* Conductors and insulators 
= Coulomb's law 

* Charge is quantized 


* Charge is conserved 
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Electric Charge (Review) 


= There are two types of electric charges: positive 
charge and negative charge 


= Charges may move through friction > excess charges 
o Real-world example: Static charges 
je йан fest. 


yn Cam 566 … Cep. uiros b 
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Electric Charge 


= There are two types of electric charges: positive 
charge and negative charge 


= Charges may move through friction > excess charges 

o Real-world example: Static charges 

o You can also induce excess charges 
For example: Jf the humidit 
Rub a glass rod with silk cloth > leaving the rod 
with excess positive charges 
Rub a plastic rod with fur > leaving the rod with 
excess negative charges 
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GES 


TORONTO 


Electric Charge 


= If we hang the glass rod with excess positive charges 
by a thread... 


ТІ rur d 


electrically isolated 


m lass 


" qu Plastic 
F 


M е -Е -— ve 


"s КУ attract 
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Electric Charge 


= |f we hang the glass rod with excess positive charges 
by a thread... 


Particles with the same sign of electrical charge repel each 
other, and particles with opposite signs attract each other. 


===) Plastic 


Like chogas vepel, un|ike селе att vact 
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Conductors and Insulators 


= Materials can be classified based on their ability to 
move charges 


o Conductors: significant number of electrons are 
—— 


free to move e^. metals 


o Insulators: Charged particles are not free to move 
64" jin, р plastic, yubber 
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nonconducting 


positive 
greaf кешшкоцре: 


conductoy 


Induced Charge 


yeman 
Charged plastic 


um 


ee 
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S TORONTO 


Coulomb’s Law 


= What is the force of the attraction and repulsion? 


= This force is called electrostatic force. It was 
experimentally quantified by Charles-Augustin de 
Coulomb in 1785 


= The SI unit of charge is coulomb (С) 
Later rationed, see 4 mits 
tés JA 18 
dure second 


Charles-Augustin de Coulomb 
(1736-1806) в 
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Coulomb’s Law 


= Coulomb's law describes the electrostatic force between 
two charged particles 


= If the particles have charges q, and д, are separated by 


distance r unit direction vector; points o 
vector — ^ divection, no weit, uc c 
nitude 7 (7.919 x 

Los F -(р 2 I (Coulomb's law) 
divectim F = 


where k is a positive constant called electrostatic 
constant or Coulomb’s constant 
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> I  (Coulomb' law) 


where k is a positive constant called electrostatic 
constant or Coulomb’s constant 


1 
k = ——— = 899 х 10°N-m7/C?. © 
Min vaccum punit n 
The ео, called the permittivity constant of free space 
во = 8.85 X 10-2 CIN (а? 


Different materials have eff oreet pere P 
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> I  (Coulomb' law) 
E 
Fe 
Е 
> T 
© 
Fr "S б» 


The electrostatic force on particle 1 can be described 
in terms of a unit vector r along an axis through the 
two particles, radially away from particle 2. 


ot tract 
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Coulomb’s Law 


= Multiple Forces: If multiple electrostatic forces act ona 
particle, the net force is the vector sum (not scalar sum) of 
the individual forces. 

уе Г” sum 


Fus = Ро + Fis + Ри + Fist +++ + Fin 
cmsider partite \ 


" the net pe о» equilibrium 


= 
Fy net > ? 


Review of Vectors 
Cortesion (ov Rectowgulow ) Согоо ляе 
> ^ ^ 
А = Axi + һу) 


ў = & 4 By) 
л л 
ЖЕ. Un BOT а @4* 12} 


Polar Convdivates 
Ae jee = Axe |A uso 
Ay [AT sino 
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[0 
Ex1 In the figure below, q1 = 100nC, q2 = -100С, q3 = 200nC, q4 = - 
200nC. What is the net electrostatic force on particle 3? 


<у (Corrected ) 

52 Ble (219-007) М 

Ги ГЕ) 

әб А ж 

Pk 2% - cos A E = 5041} 
BE, Ces Tear 

^ б 
= golf à + 0.0264 ) M 


£^ - pie Ey TT M 


rA ЖЕЎ 
Page Fart Et Faq = 


^ 
mag i 0-046) N 
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Ex2  !nthe figure below, q1 = q2 = q3 = 20иС. What is the magnitude 
of the net electrostatic force on particle 1? 


у ID 


—> Реч -э 
hae Р * Fo 


| уже | = | Fe ew ae 2 
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ГЕН ыз > 


©. 
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Welcome 


Today’s Agenda 
= Coulomb's law (review) 
* Charge is quantized 


* Charge is conserved 


Electrical field 


A point charge in an electric field 
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Coulomb’s Law (Review) 


= Ifthe particles have charges q; and д», are separated by 
distance r 


LB + (Coulomb’s law) 
p] = 


where k is a positive constant called electrostatic 


constant or Coulomb’s constant , > 
1 way я м/с 


k = —— = 8.99 x 10° N-m?/C?. 
47e 


The ғо, called the permittivity constant of free space 


£ = 8.85 X 10? CN - m. 
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Coulomb’s Law (Review) 


= Ifthe particles have charges q; and д», are separated by 


distance r 
F =k LB f (Coulomb’s law) 
2 = 
гі 
a E 
я jd 
€ тер “ a 2-0 


The electrostatic force on particle 1 сап be described 
in terms of a unit vector r along an axis through the 
two particles, radially away from particle 2. 
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Coulomb’s Law (Review) 


= Multiple Forces: If multiple electrostatic forces act ona 
particle, the net force is the vector sum (not scalar sum) of 
the individual forces. 


Fine = Ро + Рз + Fig + Fis + ** + Fin 
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Ex1 !п {һе figure below, 41 = 100nC, q2 = -100nC, 43 = 200nC, q4 = - 
200nC. What is the net electrostatic force on particle 3? 


бу (Corrected ) 
Fue р) ео) s 
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Charge is Quantized 
Clown mi hwe discrete values 
* Electric charge is quantized —yestvicte 0 certo values 
= The charge of a particle can be written as ne, where n 
is a positive or negative integer and e is the elementary 
charge 
е=1.602х10 C. 


= Any positive or negative charge q can be written as 
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Charge is Quantized 


= Atypical atom consists of three types of particles: 
Electron, Proton, and Neutron. 


Particle Symbol Charge 


Electron eore” —e 
Proton р + 
— 
Neutron n 0 
hi 
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Charge is Conserved 


= The net electric charge of any isolated system is always 
conserved 


= No exceptions have been found 


= Examples including radioactive decay of nuclei, 
annihilation, and pair production (we don't discuss 
these processes in this course) 
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Electric Field 


= How does particle 1 “know” of the presence of particle 
2? That is, since the particles do not touch, how can 
particle 2 push on particle 1—how can there be such an 
action at a distance? 


4 $ 
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Electric Field 


4, % 


= Particle 2 sets ир an electric field at all points in the 
surrounding space, even if the space is a vacuum. If we 
place particle 1 at any point in that space, particle 1 
knows of the presence of particle 2 because it is 
affected by the electric field particle 2 has already set 
up at that point. 
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© 


TORONTO 


Electric Field 


A sphere uniformly г - 
covered with negative = z LL wet 
charges - t charge wi 
the test chy den ә” 


= eck yt 

F off 4 qvx sphere 
A positive 
test charge 

* The electric field at the point of the test charge is 

SL unix Te “ан field ME $i г ЖЕ” 

3 М, Е- ur СТ” Aivection (test 
к gens ts positive) 
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Electric Field Lines 


= How do we visualize the electric field? 
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8 TORONTO 
Electric Field Lines 


* How do we visualize the electric field? 


NZ 


AN 


field lines = 


A sphere uniformly covered with negative charges 
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Electric Field Lines 


= How do we visualize the electric field? 


NZ 


Electric field lines extend away from positive charge 


(where they originate) and toward negative charge 
(where they terminate). 
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Electric Field Lines 


оу 


= Rules for drawing electric fields lines: 


(1) The electric field vector at any given point must be 
tangent to the field line through that point and in the 
same direction 


(2) In a plane perpendicular to the field lines, the relative 
density of the lines represents the relative magnitude 
of the field 
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Electric Field Lines 


* Example of two particles 


The electric > 
field vectors ^ s 
are tangent to „^^ 
the electric 
field lines 
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Electric Field Lines 
* An example of an infinitely large, non-conducting sheet 
with uniform positive charge on one side 


име” 


= --- field 


electric 


= Because the charge on the sheet is uniform, the field 
vectors and the field lines are also 
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TORONTO 


Electric Field Due to a Charged Particle 


= The electric field due to a charged parficle (often called 
a point charge) 


= The direction of on field matches that of the force 
on the positive test£harge: directly away from the point 
charge if q is positive and directly toward it if q is 
negative 
1 М 


Ameo 1? 
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Electric Field Due to a Charged Particle 
= Electric field set up by multiple charged particles 


Fo = Fy + Foo ++ + Py 


Ep = 
do 
В Б Е 
ЖЕ 
40 qo 40 


xL 2 yox 
You dont need to find F first 
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In the figure below, q1 = -5nC, q2 = 5nC. What is the electric field 


LL = 899 x 10°N- mice, 


dur 


at point p? En r 


tp 


x A 
> 
(-3m, 0) (3m, 0) 4 
> > > 141 9 хі 
bye beet bp o ple leple Ebo 5 
= 13 ibis % 
(+: 25141 м 
Zb i pA E 


Ep - Гр] te10- 2. 
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Welcome 


Today’s Agenda 

* Electric field (review) 

= Apoint charge in an electric field 
* Electric flux 

* Gauss law 


* Acharged isolated conductor 
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Electric Field (Review) 


* The electric field Е at any point is defined in terms of 
the electrostatic force F that would be exerted on a 
positive test charge q, placed there: 


= Е 
Е = — 
do 
= The electric field due to a charged particle (often called 
a point charge) is 
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A Point Charge in an Electric Field 


= На particle with charge q is placed in an external electric 
field E, an electrostatic force F acts on the particle: 


Е-«Е 


* The electrostatic force F acting on a charged particle 
located in an external electric field E has the direction 
of E ifthe charge q of the particle is positive and has the 
opposite direction if q is negative. 
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https://youtu.be/UFIPWv03f6g 4 
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Electric Flux Ф 


* The amount of electric field Е piercing a small square 
patch with area AA is defined to be the electric flux AD 
through it: 


АФ = (Ecos 0) AA 
== ch 
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Electric Flux scale 


* We define an area vector ДА that is perpendicular to 
the patch and has a magnitude equal to the area AA, 
then we can write 


| Аф =E-AA 
aot product 
э ә > > 
(i E А. Ве 1А |. IBI coe 
АА 


The dot product 4 wo vectors 15 
a Scaler quent ye 
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Electric Flux 


= The total flux ® through a surface is the sum of every 
patch on the surface 


Ф-УХЕ.АА 
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Electric Flux 


= The total flux ® through a surface is the sum of every 
patch on the surface 


Ф-УХЕ.АА 


= Or we can write the total flux Ф as an integral of all patch 
elements (or area elements) with area dA 


w= [ga 
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Electric Flux 


= The total flux ® through a surface is the sum of every 
patch on the surface 


Ф-УХЕ.АА 


= Or we can write the total flux Ф as an integral of all patch 
elements (or area elements) with area dA 


b= | Е -då 
= The net flux through a closed surface is given by 


o - PE ad / 
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Electric Flux 


= Consider a particle with charge +Q is surrounded by an 
imaginary concentric sphere 


Gaussian 2/ osed su rfa se 
/ surface 


Field line 
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Electric Flux Special Case 4 the Gauss’ Law 


= Consider a particle with charge +q is surrounded by an 
imaginary concentric sphere 


Гат Фе hE aa 
ЖТ” 
B E 44A 
ь 
р. 
sx К 


[— Field line 
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Ел 
Gauss’ Law $- + 


= Gauss’ law relates the net flux Ф of an electric field 
through a closed surface (a Gaussian surface) to the net 
charge qens that is enclosed by that surface. 


ey = Qenc 
Surface Дези have to be a sphere 
А chorge mitside 4 phe Gaussion Surface antributes 


240 net е thregh +u surface. 
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Gauss’ Law 
= Gauss’ law relates the net flux ® of an electric field 


through a closed surface (a Gaussian surface) to the net 
charge q, that is enclosed by that surface 


ED = enc ГА = рел 


= Gauss’ Law сап also be written in terms of the electric 
field piercing the enclosing Gaussian surface 


80 фе j dA = dene 


110 Lecture 4 


Gauss’ Law 


= Consider two charges with opposite sign and equal magnitude (+q 
and —q). Four Gaussian surfaces are shown 


| * Suracet § = 


* Surface2 $, . е 2% 


* Surface3 $, - р. encloses vo chenge 


Ж 
* Surface 4 $42. лс 1255 aen 


Au ind pie ve fold [rs кеа е 
flux. An ont wawl 2641 ‘field a 
positive f id 
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Ex A closed cylinder (a Gaussian cylinder) of radius R is placed in a 
uniform electric field with axis parallel to the field direction, what are 
the flux through the end caps, cylindrical surface, and the net flux? 


7 23 = =0 
aa Gaussian 
surface 


left cop: веко dA = - Б|4А-- вав (<> 
a 2 [624^ - E [AA г m 

Cy lindlvienl turf се : Ip 

Wet flux: à ~EaR +04E2R = 
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A Charged Isolated Conductor 


= Нап excess charge is placed on an isolated conductor, 
that amount of charge will move entirely to the surface 
of the conductor. None of the excess charge will be 
found within the body of the conductor. 


t we place a Gnussion смесе. 
just м ide he actu быс. À re 
идиот. The wet flor 4 Ф surfre 

must We Bere. a 


Copper 

surface 
Gaussian — 
surface 
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A Charged Isolated Conductor 


= What if there is a cavity inside of the conductor? Will 
there be excess charges on the cavity walls? 


No. 
No chargée com be incide 4 


th wo cation былыс 


New 
Gaussian 
surface 


Copper 


surface 
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A Charged Isolated Conductor 


= If the conductor is not spherical, will the charge 
distribute itself uniformly? 
o 

The surface (енде density 6 
( селе y^ unt orea) уау 
ever the surface Я у 
Won spherical cm ou cto 

Copper 

surface 


Gaussian — 
surface 
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External Electric Field 


Ao хох + 


The electric field E just outside the surface of a 
conductor can be determined by the Gauss' Law 


L^ 
E 
емей sectio же И 


t {9 —— —— 


> 
| 
>} 


There is flux only 
(a) through the (b) 
external end face. á = ВА 
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External Electric Field 


608 = Дом 
Y 


&yEA = оА ; 
5 Y сирке спине. dont HA 
о 
Е-- 
80 
= Тһе magnitude of the electric field just outside а б 


conductor is proportional to the surface charge density 
on the conductor 
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Welcome 


Today’s Agenda 

= Gauss’ law (review) 

* Applying Gauss’ law 
o Cylindrical symmetry 
o Planar symmetry 


o Spherical symmetry 


Electric Flux (Review) 
Sealer ES 
= The amount of electric field E piercing a surface 


Ф-УХЕ.АА 
o= [gai 


Ф = фЕ -dÄ (Closed surface) 
row $5 ton suvface 
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Gauss’ Law (Review) 


= Gauss’ law relates the net flux Ф of an electric field 
through a closed surface (a Gaussian surface) to the net 
charge (гс that is enclosed by that surface 


eyb = enc 7. 
> $E. 
= Gauss’ Law can also be written in terms of the electric 
field piercing the enclosing Gaussian surface 


80 фе а аА = Qenc 
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A Charged Isolated Conductor (Review) 


= If an excess charge is placed оп an isolated conductor, 
that amount of charge will move entirely to the surface 
of the conductor. 

= The electric field inside of the conductor is 0 


Copper 
surface 

Gaussian 
surface 
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External Electric Field (Review) 


* The electric field E just outside the surface of a 
conductor can be determined by the Gauss' Law 


(a) (b) “ 

HE un a 

&EA = cA Е--- } 
V 80 
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Applying Gauss’ Law: Cylindrical Symmetry 


* Consider an infinitely long cylindrical plastic rod with a uniform 
charge density 4. What is the electric field magnitude E at radius г 
from the central axis of the rod (outside of the rod)? 

* 


---? 


PELLI 
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Applying Gauss’ Law: Cylindrical Symmetry 


* Consider an infinitely long cylindrical plastic rod with a uniform 
charge density 1. What is the electric field magnitude E at radius г 
from the central axis of the rod (outside of the rod)? 


E * 
j4 t 
"T ў. à 
EN 2 
байы / \ + z 
jaussian V 
surface > | Y | t i 3 
© | Y 


кк ж A + 
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NTO 


Applying Gauss’ Law: Cylindrical Symmetry 


* Consider an infinitely long cylindrical plastic rod with a uniform 
charge density 4. What is the electric field magnitude E at radius г 
from the central axis of the rod (outside of the rod)? 

The electric fiad E must be vadrall ры 

Әле сымын L f the che ts positive) 


Gaussian Net fix 
surface $: Sur - в [А - ommo 


5.0 = Jone = Kh © 
0,@> в. Er АУА 
A 


Es 
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Applying Gauss’ Law: Nonconducting Sheet 


* Consider a thin, infinite, nonconducting sheet with charge on one 
side and a uniform (positive) surface charge density о. What is the 
electric field a distance r in front of the sheet? 


X 


P 
t 
-> 


+ + + + 
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Sica 


Applying Gauss’ Law: Nonconducting Sheet 


* Consider a thin, infinite, nonconducting sheet with charge on one 
side and a uniform (positive) surface charge density о. What is the 
electric field a distance r in front of the sheet? 


to 
ni 
+ ~ 
= 
E Gauss: - 
+ À a * Gaussian 2% 
EZ face 4 
- 
= + = 
=ч] рі + > 
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Applying Gauss’ Law: Nonconducting Sheet 


* Consider a thin, infinite, nonconducting sheet with charge on one 
side and a uniform (positive) surface charge density c. What is the 
electric field a distance r in front of the sheet? 


Eye sewer, га must be рер! te 
tin sheet hmce the end ep) 


$ 4 PAR- Jone 
6. LEA « tA)= ВА 


"PEE 
5 240 


i: The vegult holds Lid сі point at 
Е 3 Е 


a fet distance qe He sheet 
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Applying Gauss’ Law: Two Conducting Plates 
* Consider a thin, infinite conducting plate with (a) excess positive 
charge, (b) excess negative charge 


[S -e, CA о 


qe +, ғә М «= 


(C) o 
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Applying Gauss’ Law: Two Conducting Plates 


* Consider a thin, infinite conducting plate with (a) excess positive 
charge, (b) excess negative charge 


aN -e, ec bn 
= +, 2. М «= 


w w 

= What if we arrange these two plates to be close to each other and 
parallel? -30,- All excegs chowqge will 

move mto the (nner 


Е=0 б 


TT 
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Applying Gauss’ Law: Shell Theorem 1 


* Shell theorem 1: А shell of uniform charge attracts or repels a charged 
particle that is outside the shell as if all the shell's charge were 
concentrated at the center of the eh Я Y2R 


2 ae 
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Applying Gauss’ Law: Shell Theorem 1 
* Shell theorem 1: А shell of uniform charge attracts or repels a charged 


particle that is outside the shell as if all the shell's charge were 
‘ated at the centerof the shell. 5 f P dn 


VJ AA 
= # arf 
abe dus 


Sr ER Y = Figs 


SSH 
[ 


selo de 


жал», qd 
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Applying Gauss’ Law: Shell Theorem 2 


= Shell theorem 2: If a charged particle is located inside a shell of 
uniform charge, there is no electrostatic force on the particle from the 
shell. 
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Applying Gauss’ Law: Uniform Sphere of Charge 


= Consider an object with spherically symmetric distribution of charge of 
radius of R, whose volume charge density p is a function of only of 
distance from the center. What is the electric field magnitude at a 
distance r from the center of the sphere? 
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Summary - Applications of Gauss’ Law 


* Surface of a charged conductor Е = = 
E 


* Lineofcharge Е = 


2qegr 


о 
* Infinite non-conducting sheet E = De 
о 


* Outside а spherical shell of charge g = 19 
Ame) 1 


* Inside a uniform spherical shell £ = () 


= Inside a uniform sphere of charge Е = ( 4 ) 
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Welcome 


Today’s Agenda 
= Applying Gauss’ law (review) 
o Spherical symmetry 
* Electric potential/Electric potential energy 


* Equipotential surfaces 
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Gauss’ Law (Review) 
= Gauss’ law relates the net flux Ф of an electric field 
through a closed surface (a Gaussian surface) to the net 
charge q, that is enclosed by that surface 


є;Ф = Qenc 


= Gauss’ Law can also be written in terms of the electric 
field piercing the enclosing Gaussian surface 


80 фе а аА = Qenc 
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Applying Gauss’ Law: Shell Theorem 1 


= Shell theorem 1: А shell of uniform charge attracts or repels a charged 
particle that is outside the shell as if all the shell's charge were 
concentrated at the center of the shell. 
dot 
be e 2” 
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Applying Gauss’ Law: Shell Theorem 2 


* Shell theorem 2: If a charged particle is located inside a shell of 
uniform charge, there is no electrostatic force on the particle from the 


shell. 
Y«R 


$ фео 
$- РА = baat ег 


G=0 
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Applying Gauss’ Law: Uniform Sphere of Charge 


= Consider an object with spherically symmetric distribution of charge of 
radius of R, whose volume charge density p is a function of only of 
distance from the center. What is the electric field magnitude at a 
distance r from the center of the sphere? 


1 Уј УУК 


4 Same ns Shell Theorem 
e | de 


фе 
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Applying Gauss’ Law: Uniform Sphere of Charge 


= Consider an object with spherically symmetric distribution of charge of 
radius of R, whose volume charge density p is a function of only of 
distance from the center. What is the electric field magnitude at a 
distance r from the center of the sphere? 


т А 
тек. 


x b= pum e Where a (5 the chargo oco cad 
Т”) phe sphere with a үйім V 


Lf the [el деме | enclosed with radius К. 
“ пи [eren then 
7223 Eu a1 o 
7 е А 1: E ГЕ 
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Summary - Applications of Gauss’ Law 


= Surface of a charged conductor Е = = 
E 


* Lineofcharge Е- 


2qegr 


о 
* Infinite non-conducting sheet E = De 
0 


* Outside a spherical shell of charge к< _1 4 
4тғо P 


= Inside a uniform spherical shell E = 0) 


= Inside a uniform sphere of charge Е = ( 4 ) 


ge 


ONTO 
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Electric Potential Energy 


1» Move ... 

gp» Kinetic ener) 4 

T 

free Mechamcal елет is conserved 
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Electric Potential Energy : : 
Lectio се 15 congervetve 
= Electric potential energy is defined as 
U = -Wo 


where Wa is the work that would be done by the 
electric force on bringing the object from an infinite 


distance "d 
% 1» 


<-Ф @=—> 
T T 
fined free 
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Electric Potential .-,|.7 


= Electric potential is defined as 


alere Тед елеу) T 
M, US aer 


40 % 


where q is a positive test charge 


pm 


Unit p^ = Volt 


electric [44 : А = y^ 
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Electric Potential 


= На particle with charge q is placed at a point where 
the electric potential of a charged object is V, the 
electric potential energy U is 


U-qV 
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Electric Potential | 
inètiel val 
= If the particle moves from point i to point f, the 
electric potential change is 
AV = V; = V; 
bt initial 
= Electric potential energy change is 
= Be4v 
AU = qAV 
= The work done by the electric force is 
" - (2% 2a dev) 
W = —AU ` 


Yon com also so the wok dme hy tha electric field 


( because Mae fre 14 preduus the fore) к 
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[mm as energy 12 conser 


Conservation of Energy |): k; = Lt Ky 


Ето 


= На particle moves through а dre m in Mode 


potential without an applied forc 


= Work by an applied force. If some force in addition 
to the electric force acts on the particle, we account 


for that work Dit Kit ep = Ue + Е 
H the d y (s {июн EE. E 
vede = —AU+ 
уде 1. АК АОИ kj- k: = (V-V) 
ww 
= А) 


Were 12 
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; зі mmm 
The SI unit емел) 15 jmt howerer, j^ 
Electron-volts Mo = big ее "м nme yis, 


* electron-volt (eV) is defined to be equal to the work 
required to move a single elementary charge e (such 
as that of an electron or proton) through a potential 
difference AV of exactly one volt. 


leV = е(1У) 
= (1.602 x 10-8 С)(1 МС) = 1.602 х 10-27. 
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Equipotential Surfaces 


= Adjacent points that have the same electric potential 
form an equipotential surface, which can be either 
an imaginary surface or a real, physical surface. 


Similar to a contour surface map... 


Equipotential Surfaces 


= Afamily of equipotential surfaces associated with the 
electric field due to some distribution of charges. 


Equal work is done along 
these paths between the 
same surfaces. 


— 


v 
ur 


No work is done along 
this path on an 
equipotential surface. 


No work is done along this path 
that returns to the same surface. 
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Calculating the Potential from the Field 


= The electric potential difference between two points i 
and f is: ———— 


95 
m 2 
V;- У, =] E-ds. E 
! 5 


t 
where the integral is taken Sver an path connecting 
the points. * po integration т dif Free ke along omy particular 
ath, we cam choose adl) е ath, which “м be 
= If we set potential М = 0, then we сап have the emiw 
potential V at any point f relative to the zero potential 
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js 
| | 
Uniform Field Path P 
--ж L - o— x 
* Ina uniform field | | 
Ь > 4 
1 | Field line 
Higher | => k 
potential | E IN Lower 
MM ds | poena 
7 
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= Тһе electric field vector points from higher potential 
toward lower potential 
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Welcome 
(Lecture 8) 


Today’s Agenda 
* Electric potential (review) 
* Capacitance 


* Calculating the capacitance 
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v4 ә 

Electric Potential (Review) "t - Vi = - | E dé 

= Electric potential V at a distance r from a charged particle 
qis 1 


q 


Amey Г 


* The potential due to a collection of n charged particles is 


Scaler ju 1 n 
у= У у= У 
і=1 Amey {= n 


where 0; is the value of the ith charge апа r; is the radial 
distance of the given point from the ith charge. 
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Electric Potential Energy (Review) 


The electric potential energy of a system of charged 

particles is equal to the work needed to assemble the 
the WODSC 

system with the particles/initially at rest and infinitely 

distant from each other/For two particles at separation r 


1 
U=W= ND 
4те0 r 
The total potential energy of a system of particles is the 
sum of the potential energies for every pair of particles in 


the system. -2 23 34 
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TO 
Capacitors 
= There are many different types of capacitors 
Tantalum Aluminum Ceramic 
* 9 m 
ж 
" А ' | 
| 
— Em — В 
Trimmer 


jb. 
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$ TORONTO 


Capacitors 


Xeon" €3-1200 


Samsung Galaxy S20 Ultra Teardown 
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Capacitor 


= Two conductors, electrically isolated from each other and 
from their surroundings, form a capacitor 


Coudacters : Ж ^ } 
E 
Q The electric f E | 
Just ont side ole purpose 4 a стару 15 «уау» ерен “bo 


tht surface 
Q The surface fa conductor 15 om гүне Surface Lin static 


билїї =) 
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Capacitance у 
Ги eleve сімома, 


= When a capacitor is charged, the charges on the 
L———. 
conductors (i.e., plates) have the same magnitude of 


but opposite signs the absolute Value 


* |fthe potential difference between these two plates is V, 
the charge q is proportional to the V. The proportionality 
constant C is called the capacitance of the capacitor 


E 1 
g= CV Gar 


4 
IPF 210 f 
= The SI unit of capacitance is farad (Е) | “f = ie] F 


Pet tef =j F 7 
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TORONTO 


Parallel-Plate Capacitor symbol To 


* Aparallel-plate capacitor consists of two parallel 
conducting plates of area A separated by a distance d 


— Top side of 


| 

Г Bottom side of bottom 
top plate has plate has 
charge +4 charge = 


* The electric field is uniform in the central region between 
the plates, and is not uniform at the edges of the plates, 
as indicated by the "fringing" of the field lines 
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Charging a Capacitor 


= One way to charge a capacitor is to place it in an electric 
circuit with a battery 


St 


Terminal 


Terminal -^ Ss% 

61 pan 52 ТТТ chowge 

SI closed, бер 2 discharge 
We assume that a capacitor com yetoin [ov store) chage 
made rite (сені it i Aischowyed) 
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$ TORONTO 


Calculating the Capacitance 
= General methods: 
1) Assume a charge q on the plates 


2) Calculate the electric field E between the plates 
using Gauss’ law 


ag E-dA=q (lecture 4) 
3) Calculate the potential difference V using E 
fa 
И-И=- | Е-ау Lecture 6) 


4) Calculate C using Й 
а= СУ o> 
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Capacitance of Parallel-Plate Capacitor 


Find the capacitance of a parallel-plate capacitor of area A and spacing d 


1 
А в. А ә E- — 
-— "d = 
Б см eee ВАР. | рш 
Path of it 94 
integration zt J ds = Ed = aw 
ү; % в.А 
dE Ай-ай 
4А 


езінін 


эра 
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Capacitance of a Cylindrical Capacitor 


Find the capacitance of a cylindrical capacitor (two long coaxial cylinders) 
of length L and radii a and b (assume L >> b) 


Total charge +95 Total charge = 


= Gaussian 


Pathol = surface 
integration 
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Capacitance of a Cylindrical Capacitor 
Find the capacitance of a cylindrical capacitor (two long coaxial cylinders) 
of length L and radii a and b (assume L >> b) 


{= GEA = 9. EGarbh 
i 


B be 
ё 124. LY 


Total charge +95 Total charge = 


М -V- 
V. r Eds Cs =- dr) 
acl 2d 
i “4 STE d 


Lean 
2 


integration 


Capacitance of a Spherical Capacitor 


Find the capacitance of a spherical capacitor with concentric spherical 
plates of radii a and b 


Total charge +4 + Total charge = 


Capacitance of a Spherical Capacitor 
Find the capacitance of a spherical capacitor with concentric spherical 


plates of radii a and b 1- SEA: Sb (4ar) 


Total charge +9 Total charge = 1 4 


4 a 
ІН 
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Capacitance of an Isolated Sphere 


Find the capacitance of an isolated sphere with radius R 
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Summary 


A parallel-plate capacitor with flat parallel plates of area A 
and spacing d has capacitance 
d 
A cylindrical capacitor (two long coaxial cylinders) of length 
L and radii a and b has capacitance 


ИА — 
C= 20 Gi) 


A spherical capacitor with concentric spherical plates of radii 
aand b has capacitance 
ab 
b= 
An isolated sphere of radius R has capacitance 


C = Age R 


С = 478, 
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Welcome 
(Lecture 9) 


Today’s Agenda 

= Capacitance (review) 

= Capacitors in Parallel and Series 
= Energy stored in an electric field 


= Capacitor with a dielectric 
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Capacitor (Review) 


= Two conductors, electrically isolated from each other and 
from their surroundings, form a capacitor 


= When a capacitor is charged, the charges on the 
conductors (i.e., plates) have the same magnitude of q 
but opposite signs ele ele 
óP se 
* |fthe potential difference between these two plates is V, 
the charge q is proportional to the V. The proportionality 
constant C is called the capacitance of the capacitor 


q-CV c.i 
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$ TORONTO 


Calculating the Capacitance (Review) 
= General methods: 
1) Assume a charge q on the plates 


2) Calculate the electric field E between the plates 
using Gauss’ law 


ap Edi = q 
3) Calculate the potential difference V using E 
fu 
Ұ-Ұ- -[ Е. ds 


4) Calculate C using 
а= СУ 
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Ve 
Calculating the Capacitance (Review) 5. x. 
2 Е 
8. = Fr С lecture») = -x 
A parallel-plate capacitor with parallel plates of area A 
and spacing d has capacitance 


= Summary: 


d 
A cylindrical capacitor (two long coaxial cylinders) of length 
L and radii a and b has capacitance 


С-2тл- — 
" In(bla) 
A spherical capacitor with concentric spherical plates of radii 
а and b has capacitance 
ab 
C = 478, 7—— — 
"b-a 


l'solatel sphere C= 4agoR 
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Capacitance of an Isolated Sphere 


Find the capacitance of an isolated sphere with radius R 


Q VLLL 
p 
= К 
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Ex1 A parallel plate capacitor with plates of area A and plate separation 
dis charged so that the potential difference between its plates is V. 
If the capacitor is then isolated and its plate separation is increased 
to 2d, what is the potential difference between the plates? 


Method |: _ ФЕ А={] b content 
a) 4V А | 
VebA Ve ЕЯ: 2td=-2V 
bn 
c) V A Й i 
ete 2: Ы Дала BES 
d) 0.5V кыны» б A d à ow 


e) 0.25V V 


Kobe 
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Capacitors in Parallel 


= Consider an electric circuit in which three capacitors are 
connected in parallel to a battery 


Th c ge е each сарқа” 

б ДУ, Sv. beau 
The total chje 

Jet = 1+9 14 = (+646) У 
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Capacitors in Series 


= Consider an electric circuit in which three capacitors are 


connected in series to a battery 
3 Ve Ш № Му 


cale 1 4 1 
& $9 y ES T 
248. ! У, = 2 Из = 2» We 2; 
- 1 
wav es, 24- e 
: E t.1 
E Д a e's 
QUSE ү ] 
256. > = T 
7 dd 
( | i. 
"Ue on WU 
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Capacitors in Parallel and Series (Summary) 


= The equivalent capacitances Ceq of combinations of 
individual capacitors connected in parallel and in series 
can be found from 


n capacitors in parallel > Са = N C, 


"n A 1 
n capacitors in series > —— = 
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Ех2 Assume C1 = 1nF, C2 = 1nF, СЗ = 2nF. What is the equivalent 
capacitance? 


— = — 


Ca a Тақта Е laf 
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Potential Energy of a Charged Capacitor 


е 4 V. 
o Я ; i 
E = rite 
al lð б, 
RA 
2d. 4 M | d 
d cul 
v 
~ Ue S tdv 


Super Capacitor 


ГО ЫШ ES Lithium-ion (general) 


Charge time 

Cycle life 

Cell voltage 

Specific energy (Wh / kg) 
Specific power (W / kg) 
Cost per Wh 


1— 10 seconds 

1 million or 30, 000h 
2.310 2.75V 

5 (typical) 

Upto 10, 000 

$20 (typical) 


10-60 minutes 

500 and higher 

3.6 to 3.7V 

100 – 200 

1000 — 3000 

$0.50 - $1.00 (large system) 
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Energy Density 


= The energy density u of a capacitor is the potential energy 
stored per unit volume 


= For parallel plate capacitors, the energy density is 


„U cv 
И = Ad dcr 


alse $e] tw emery 
феде freld 


13 


ye m 
stored in the 


ILI 
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; Table 25-1 Some Properties of Dielectrics’ 


Capacitor with a Dielectric 


Dielectric Dielectric 


2 и. E Е Constant — Strength 
* Dielectric: insulating material Material к (kV/mm) 
1.00054 8 
26 24 
* Dielectric constant K ы т * 
oil 45 
Pyrex 47 14 
M Ruby mica. 54 
9 = Kie Porcelain 65 
Silicon 12 
Germanium 16 
Ethanol 25 
Water (20°C) 4 


Water (25°C) 78.5 


Titania 
ceramic 130 
Strontium 
titanate — 300 


Fora vacuum, x — unity. 


“Measured at room temperature, except for the 
water. 


14 


Ex3 A parallel plate capacitor is connected to a battery that maintains а 
constant potential difference across the plates. Initially, the space 
between the plates contains only air. Then, a Teflon ( K = 2.1) sheet is 
inserted between, but not touching, the plates. How does the stored 
energy of the capacitor change as a result of inserting the Teflon sheet? 


a) The energy will decrease. 
b) The energy will not be affected. 
с) The energy will increase. 


d) The energy will be zero joules. 


ECE110 Lecture 10 


Welcome 
(Lecture 10) 


Today’s Agenda 
* Capacitor/capacitance (review) 
* Capacitor with dielectric 


* Electric current and current density 


Resistance and resistivity 


Ohm's law 
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Capacitors in Parallel and Series (Review) 


= The equivalent capacitances Ceq of combinations of 
individual capacitors connected in parallel and in series 
can be found from 


n capacitors in parallel > Са - y C, 


"m А 1 
п capacitors іп series > —— = 
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Potential Energy of a Charged Capacitor (Review) 


= The electric potential energy U of a charged capacitor is 


LP = haya 
НСС 


= The energy density и, or potential energy per unit volume, 
within an electric field of magnitude E is given by 


= le. ро 
и = >85 Е 


Lecture 


Capaci or with a Dielectric Table 25-1 Some Properties of Dielectrics” 
Dielectric Dielectric 
Constant Strength 


= Dielectric: insulating material Material к (kV/mm) 
Air (1 atm) 1.00054 3 
Polystyrene 26 24 
. % аре! 35 6 
* Dielectric constant K тыш. в Ж 
oil 45 
Pyrex 47 14 
РЕ Ruby mica 54 
к = Fe Porcelain 65 
Silicon 12 
Germanium 16 
Е a Ethanol 25 


Water (20°C) 804 
Water (25°C) 78.5 


Titania 
ceramic 130 
Strontium 
titanate — 300 


Fora vacuum, x — unity. 


“Measured at room temperature, except for the 
water. 
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Ex1 A parallel plate capacitor is connected to a battery that maintains a 
constant potential difference across the plates. Initially, the space 
between the plates contains only air. Then, a Teflon (К = 2.1) 
sheet is inserted between, but not touching, the plates. How does 
the stored energy of the capacitor change as a result of inserting 
the Teflon sheet? 


a) The energy will decrease. 
b) The energy will not be affected. 
(©The energy will increase. ба = C= E © c 


d) The energy will be zero joules. Ж П С> 
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> The wivvert within ths [oo 
Electric Current ex Mm 


H 
Battery 


Atl жалар ap а The batter pir? — igit 
" 2% " ч Ж] ‘ 
= Ап electric current / in a conductor is defined by” siiis 


mov 
genit move mont | аа = any 
і---- 
dt 
where dq is the amount of (positive) charge that passes 


in time df through a hypothetical surface that cuts 


across the conductor. — ,, wetter hs location oy orientation 
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Electric Current 


= Ап electric current j іп a conductor is defined 
by ._ dq 
КЕ ge 
= The SI unit for current is ampere (A) 


1 ampere = 1 A = 1 coulomb per second = 1 C/s 


= The charge that passes through the cross-sectional plane 
in a time interval extending from 0 to t is 


1 
a= | a= [ia 
d 


ни time 
y may Ven di 
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Electric Current 


= By convention, the direction of electric current is taken as 
the direction in which positive charge carriers would move 
(even if the actual charge carriers are negative and move 
in the opposite direction). 


Базис current 15 a scalar, bat it hes à direction 
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Electric Current 


= Because charge is conserved, the magnitudes of the 
currents in the branches must add to yield the magnitude 


of the current in the original conductor, so that 
Divecti™ is esperto! 1 


ip = iy +i, (Мел Уй” saw) 
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Current Density 


uo 4o 
= Current density J У“ 
o The magnitude of J equals to the current per unit 
area of the cross section of a conductor 
o The direction of J is the same as the velocity of the 
moving charges if they are positive (and opposite if 
they are negative) 


* Current is related to current density 7 by 


i= | 7-ай 


where qA is a vector perpendicular to a surface element 
of area dA. 
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Current Density 43 P 


= If the current is uniform across the surface and parallel to dÁ 
then T is also uniform and parallel to dA 


i= [зад =s | ад =лА 


where A is the total area of the surface. 


The 51 unit j леі dust is ays 
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Drift Speed of the Charge Carriers 


= When a conductor has a current through it, the conduction 
electrons move with a drift speed v, 
Ass ume umijem terret | n is the charge density 


— ровар teh 


inis 
А it. aie - nhe У 


= The drift speed v, in the direction St the velocity of positive 7 
charge carriers and is related to the current density Бу “ne 


T = (ne)v, 


where ne is the carrier charge density 
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Resistance 


= The resistance R of a conductor is defined as 
YV y 
аи 


where V is the potential difference across the conductor 
and iis the current. 
symbel л. 


= The Sl unit of resistance is the ohm | Del VA 


—AVvve— veste 


110 Lecture 10 


но 


Resistors 


224477) 2 


Metal Oxide Wire Wound 
Composition Film Resistors Film Resistors Resistors Reels 


ub S & 


Carbon Rheostat Trimmer bd Wound 
Potentiometer Resistors Resistors Resistors Mount Rest Resistors Potentiometer Resistors 
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Resistors 


Resistor colour code 


5 6 00 25% 


ЕГІ 


2d Bak 


эбе] 


‘Multiplier 


Tolerance 


whee] [0.01 sive] 


S-band code 
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Resistivity 
= Resistivity р of a material is defined as: 
E № ук 


sax 


where E is the magnitude of the applied electric field. 


= fem 


= The SI unit of resistivity is ohm-meter Q -m 


= Vector equation 
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Resistance of a conducting wire 


= The resistance R of a conducting wire of length L and 
uniform cross section A is 


L 
К-р-/ 
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Welcome 
(Lecture 11) 


Today’s Agenda 

* Electric current and current density (Review) 
* Resistance and resistivity (Review) 

* Ohm's law 

* Power 


* Review on electricity 
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Electric Current and Current Density (Review) 


* An electric current /in a conductor is defined by 


[е chowae , dq 
{ 1 PI 1А= 1% 
current ре watt mea 


* Current is related to current density 7 by 
in [Tat $5 


where qA is a vector perpendicular to a surface element 
of area dA. 


E 
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Resistance and Resistivity (Review) 


= The resistance R of a conductor is defined as 
¥ 
R=— n 
1 
= Тһе resistance R of a conducting wire of length L and 


uniform cross section A is: 
L Ral 


R=p— a. 

p A Ех A 
* Ifthe resistivity of a material is р 
E = рї 


where Е is the applied electric field. 
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Conductivity 


= Conductivity ст of a material is defined as: 


с = 1 (definition of c). 
p 


— A 
= Vector equation Е - 65 
J = оЕ 


Resistonce SL Rezistivite Am 


* Conductomee + Cmd u cti vivy d 


o 4 
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Change of p with Temperature 


= The resistivity p for most materials changes with 
temperature. For many materials, including metals, the 
relation between p and temperature T is approximated by 
the equation 


p — р = poo(T — Ту) 


where T; is a reference temperature, ро is the resistivity 
at Tọ, and a is the temperature coefficient of resistivity 
for the material 
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RONTO 


Ех2 A copper wire is fabricated that has a gradually increasing diameter 
along its length as shown. If an electric current is moving through 
the wire, which quantities vary along the length of the wire? 

7 > 


a) current only СИ) 


b) current and current density only 
4 А 
NE n @)eurrent density and electric field only 6% es 


y 
d) resistivity and current only cede 


e) current, resistivity, current density, and electric field 


ECE110 Lecture 11 


Ohm's Law 


= Ohm's law is an assertion that current through a device is 
always directly proportional to the potential difference 
applied to the device. 


ET 
+2 
Е. LE 
Vig 
E -2 0 +2 +4 T -2 0 +2 +4 
Potential difference (V) Potential difference (V) 
A dwice shows ТАЛЫ A device doct obey 


Ohms law 
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Ohm’s Law 


= Aconducting device obeys Ohm's law when the 
resistance of the device is independent of the magnitude 
and polarity of the applied potential difference. 


= Aconducting material obeys Ohm's law when the 
resistivity of the material is independent of the magnitude 
and direction of the applied electric field. 


< 
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TORONTO 


Power in Electric Circuits 


U 


м 


av 


Ch ECE110 Lecture 11 


Power in Electric Circuits 


EPI 
= The power Р is the rate of energy transfer 2- 21 


PRESS ECE110 Lecture 11 


Ex My apartment uses a circuit breaker that can safely carry a max 
current of 15 A. Assume the electrical outlets provide a supply 
voltage of 120 V. Can | use а 1500W heater for an exten 


ded period 
of time? 4” e 2.54 < 5А (e) 


Space Heater, 1500W Electric 
Heater with 70" Oscillation 12H 
Timer 3 Modes, Thermostat Tip- 
Over Protection, 24H Auto-Off 
Quiet Ceramic Heater With Remote 
for Bedroom, Office & Indoor Use 


+109" 


© 
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TORONTO 


Power in Electric Circuits 


= For a resistor or device with resistance R, the electrical 
energy жш due to a resistance is 
= ГК у? [е = 
y P= РЕ = 
p С 


= Ina resistor, electric potential energy is converted to 
internal thermal energy via collision between charge 
carriers and atoms 
R 3 Ly Syd heat Hem sig 7 


Му Slower 
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(Lecture 4) 
External Electric Field 


% 


* The electric field E just outside the surface of a 
conductor can be determined by the Gauss’ Law 


хох Ry 
ух 
A 
+ + 
т 
b 
ы 
me 
| 


There is flux only 
(a) through the (b) 
external end face. 
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(Lecture 5) 


Applying Gauss’ Law: Nonconducting Sheet 


= Consider a thin, infinite, nonconducting sheet with charge on one 
side and a uniform (positive) surface charge density о. What is the 
electric field a distance r in front of the sheet? 
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(Lecture 5) 


Applying Gauss’ Law: Two Conducting Plates 


* Consider a thin, infinite conducting plate with (a) excess positive 
charge, (b) excess negative charge 


= What if we arrange these two plates to be close to each other and 
parallel? 


RONTO ECE110 Lecture 11 


(Lecture 8) Үз, 5-0 
Capacitance of a Cylindrical Capacitor Yer %5-ф-а 
Find the capacitance of a cylindrical capacitor (two long coaxial cylinders) S- b-y 
of length L and radii a and b (assume L >> b) Аз = dr) 
‘Total charge +9 Томь $= GEA = 9 В GAY DO TT 
ES "| А En 
> Eee 5 V Ж b 
V- fied Ci--dr) » Г q n 
[x = INTRO 
Т ит 1 
E e Cv. T. КМА 
ren 7 524]. i 4e E кк) 
TS + Мер] 
Е al L d E 
Т IAG, L 2% mtd) 


TC 


Kio 
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(Lecture 8) 


Electric Potential The electric potential V at a point P in the 
electric field of a charged object is 


(24-2) 


where W, is the work that would be done by the electric force опа 
positive test charge were it brought from an infinite distance to P, 
and U is the potential energy that would then be stored in the test 
charge-object system. 


Electric Potential Energy of a System of Charged 
Particles The electric potential energy of a system of charged 
particles is equal to the work needed to assemble the system with 


the particles initially at fest and infinitely distant from each other. 


For two particles at separation r, 


u=w=— 2h. (24-46) 
dm r 


Bs ECE110 Lecture 11 


Review: 


Coulomb's Law |-> F 
Electric Fields F — È 
Gauss’s Law Ep, pa 2 
Electric Potential y => Б. 
Capacitance 4 mad: dd (+ ) 


Current & Resistance PIN D) 
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$ TORONTO 


BA и фо 
Welcome 


(Lecture 12) 


Today’s Agenda 
= Magnetic field 


= Magnetic force on a current carrying wire 
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Magnetic Field В ve ct” 


= Magnetic field 
electric {ч — «естіс force 


mag wets field аз que мый free 


= Who produces magnetic field? T. 
their existence hae mt leem Loire 
o Magnetic charge (i.e., magnetic monopoles)? 


o Permanent magnet 
Meteriels with Intrinsic magnetic TT and РРА 


o Moving charged | particles 
Г e. сиу 


electremaquet” 
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TORONTO 


Magnetic Field В 
= TheSlunitfor В istesla (T) MRS (Т 
-4 
Gauss(G) 14-9 T 
* The array of dots in the figure represents a magnetic field 
directed out of the plane of the figure. An array of Xs 


would have represented a magnetic field directed into that 
plane. 


e 

. 

e 
ххх 
ххх 
ЖЖ Ж 
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Magnetic Force Fp vet” 


= When a charged particle moves through a magnetic field, 
а magnetic force acts on the particle as given by 


F; = q(V x B) 


where q is the particle's charge (sign included) and is the 
particle's velocity. 
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EFT. a 
2. Pus. : 
> P as ^ қ ; 
axb = |к||Ё|чкәт di " 
f Ж 


2 

ў 2. y өні at the wigih EEA ae | 
"vi ule” 
pee Sone right hod rale 
бу: бу» - ду, 


À axb 
Су = Os by - Aid, 1 
Сэ > Ordy = dry bx 


8-44 sino) Ra? 


Bid e ge 
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= = э —> 
Magnetic Force Fp fps ge x8) 


* The magnitude of F, is given by 


NM >. 


Ев = |41УВ sin ф i 141 v seh 


where bis the angle between v and B 
IT-1 E | ee poe 
m с pY a 
= The direction of F's is given by the cross product (using 
right hand rule). The sign of q determines whether F; is 
in the same direction as y x В or in the opposite ps (429 
direction v À 
m 
È / 
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Magnetic Force Ё, 


The figure shows three sit- 
uations in which a charged 
particle with velocity V^ 
travels through a uniform. 
magnetic field В. п each 
situation, what is the di- 
rection of the magnetic 
force Fg on the particle? 


wl 


110 Lecture 12 


Magnetic Field Lines 


We can represent magnetic fields with 
field lines, as we did for electric fields. 
Similar rules apply: 


(1) The direction of the tangent to a 
magnetic field line at any point gives the 
direction of B at that point 


(2) The spacing of the lines represents 
the magnitude of В -- The magnetic 
field is stronger where the lines are 
closer together, and conversely. 


110 Lecture 
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Electric 14 Ihe . originate from a positive 
Magnetic Poles charge md torminate ot a negative ерене 


The (closed) field lines enter one end of a magnet and exit 
the other end. The end of a magnet from which the field 
lines emerge is called the north pole of the magnet; the 
other end, where field lines enter the magnet, is called the 
south pole. Because a magnet has two poles, it is said to 


bi tic dipole. 
е a magnetic dipole. г. И 
> 
s À 


Opposite magnetic poles attract each other, and like 
magnetic poles repel each other. 


a 

2 
E 

© 

® 
zn 
o 
ш 
о 
ш 


Two Magnets 
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Ex Consider the two rectangular areas shown with a point P located at the 
midpoint between the two areas. The rectangular area on the left contains 
a bar magnet with the south pole near point P. The rectangle on the right is 
initially empty. How will the magnetic field at P change, if at all, when a 
second bar magnet is placed on the right rectangle with its north pole near 
point P? 


a) The direction of the magnetic field will not change, but its magnitude 
will decrease. 


b) Тһе direction of the magnetic field will not change, but its magnitude 
ill increase. 


(9) The magnetic field at P will be zero tesla. 


d) The direction of the magnetic field will change and its magnitude will 
increase. 


e) The direction of the magnetic field will change and its magnitude will 
decrease. 
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Bar magnet 


Horseshoe Magnet C-shaped magnet 
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Earth's magnetic ТЕН; 
Earth ids id ү "72 


NG 
magr 


Geographic 
arth pole 


Geographie, 
south pele 
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Earth's magnetic field 


= / 


Solar flare €——— Aurora oval 


Magnetic field 


Not to seale 
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magnetic field 
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" °З A straight wire carrying a current jin 
a uniform magnetic field experiences 
a sideways force 


7, о. 
іс © Е-И xe. 
EE phen? 


& where L is the length vector that 
has a magnitude of L and is directed 
along the wire segment in the 
direction of current 
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Magnetic force on a current carrying wire 


If the wire is not straight or the 
field is not uniform, we can 
image the wire broken up into 
small straight segments 


dF, =idL х В 


.... 


(a) (9) (9 
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Welcome 
(Lecture 13) 


Today’s Agenda 

= Magnetic field (review) 

= Magnetic force on a current carrying wire 
* Magnetic field due to a current 


* Force between two parallel currents 


ECE110 Lecture 13 


$ TORONTO 
+ т а 
Magnetic Force Fp (Review) 


* When a charged particle moves through a magnetic field, 
a magnetic force acts on the particle as given by 


F; = q(V x B) 


where q is the particle's charge (sign included) and is the 
particle's velocity. 


ECE110 Lecture 13 


Magnetic Field Lines (Review) 


We can represent magnetic fields with 
field lines, as we did for electric fields. 
Similar rules apply: 


(1) The direction of the tangent to a 
magnetic field line at any point gives the 
direction of В at that point 


. 
. 
ES 
t 
= 
=R 


(2) The spacing of the lines represents 
the magnitude of В -- The magnetic mor 
field is stronger where the lines are 
closer together, and conversely. 


XXX 
ххх 


ECE110 Lecture 13 


Q--— EET A straight wire carrying a current / іп 
a uniform magnetic field experiences 


a sideways force зе 4 (7.9) 
E = iL xB. 


where L is the length vector that 
has a magnitude of L and is directed 
along the wire segment in the 
direction of current 
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Magnetic force on a current carrying wire 


[7] 


(9 


If the wire is not straight or the 
field is not uniform, we can 
image the wire broken up into 
small straight segments 


dF, =idL х В 
deffri A 
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Magnetic field B due to a current 


* Moving charged particle (i.e., current) produces a 
magnetic field around itself. 


= What is the magnitude and direction of the produced 
magnetic field? 
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Magnitude. The magnitude of 5 T 
the field dB produced at point > о. 
Р at distance г by а current- 
length element 145 is 


ав — (£3) i ds sin 6 | Gest 
5 
distribution 


where à is the ТНА Teen the directions of ds’ and f, 
a unit vector that points from ds toward P. 
Symbol шо is called the permeability constant 


Por Am 107 T-m/A = 1.26 X 10-5 T-m/A 
РИУ n Ya 
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Magnetic field В due to a current 


* Direction. The direction of dB 
at point P is that of the cross 
product ds ЖЕ 


i dB (into 
Ж re) 


z _ № ids Xf 
= 4n n if bum 
Ж | 4 > distribution 
he 


E > he Т^ 
This is known 26 the law of 
Biot and Savart 


Jean-Baptiste Biot Félix Savart 
1774 - 1862 1791 - 1841 8 
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B due to acurrent in a long straight wire 


For a long straight wire carrying 
a current i, the Biot-Savart law 
gives, for the magnitude of the 
magnetic field at a perpendicular 
distance R from the wire, 


Pro 4 іп the 


шы 
Boc dee 


27R 
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B due to acurrent in a long straight wire 


Direction of the magnetic field > 


ә} 


a 
e 


el 


7 29 
Bottom view teg vien) 
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B due to acurrent in a long straight wire 
Direction of the magnetic field 


Curled-straight right-hand rule 


(a) (b) 


р-н der 
This ty ve A. ad lar d (ней "ep 


11 
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B due to acurrent in a circular arc of wire 


Re" The magnitude of the magnetic field 
Кж ti at the center of a circular arc, of 
cu : radius R and central angle (in 
Weg radians), carrying current /, is 

en olen. depu 
9 Dew ot tue center > дав tw text bok 
(9 ф in vadions , nit dar 7 

IZ 


Г фе = 2 tod 
4 pn | eet Lf 72) pL 
Я wt hm a AS „де 4 mi 
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Summary: В due to a current in: 


A long straight wire A circular arc of wire 
B = Hol BE Hoi 

2zR 4тК р 

Pall ща а ^" 


53 4 ү 
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Force between two parallel currents 


A straight wire carrying a current ѓ in a uniform 
magnetic field experiences a sideways force 


Fy = iL x В. 
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4, B, (due to i, ) Р à 
_ Het Par a ME а 
CD "= 
_ nl la cb 
22.À 
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Force between two parallel currents 


= Parallel currents attract each other, and antiparallel 
currents repel each other. 


= To find the force on a current-carrying wire due to a 
second current-carrying wire, first find the field due to 
the second wire at the site of the first wire. Then find 
the force on the first wire due to that field. 


Ex 


Three very long, parallel wires (a small portion of each is 
shown in the drawing) are resting on a flat surface. The 
distance between wire B, which has a 15 mA current to the 
left, and its neighbors is 0.0015 m. Wire A carries a 10 mA 
current toward the right; and wire C carries a 5 mA current 
toward the right. Rank the wires in order of the magnitude 
of the net magnetic force on each, with the largest value 
first and the lowest value last. 


Isi 


(®)А>в>с AQ mA —— 5 ) 
BQ 5 ња) 
b) B>A>C 
сб) 
с) C>B>A 
d) А>С>В 
е) В>С>А 
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Rail Gun 


CR ECE110 Lecture 14 


Welcome 
(Lecture 14) 


Today’s Agenda 
= Magnetic force and field (review) 
= Ampere’s Law 


* Solenoids 


NTO 110 Lecture 14 


Magnetic Force and Field (Review) 


The magnetic force acts on a charged The law of Biot and Savart 
particle moving in a magnetic field 


Fy = q( X B) 


А Ifq»0 
> 
Fy Wa j 
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Review: B due to a current in: 


The magnitude of the magnetic 
field at a perpendicular distance 
R from a long straight wire, 
carrying a current i, is 


B= Hol 
2zR 


The magnitude of the magnetic 
field at the center of a circular 
arc, of radius R and central angle 
Ф (in radians), carrying current 
i, is 

Шо 

4тК 


For a ІШІ circle (Ф = 217) 


B= шіл) ES Hoi 
4тК 2R 
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Force between two parallel currents (Review) 


= Parallel currents attract each other, and antiparallel 
currents repel each other. 


= To find the force on a current-carrying wire due to a 
second current-carrying wire, first find the field due to 
the second wire at the site of the first wire. Then find 
the force on the first wire due to that field. 


Ры = iL x B, 


оГ іці, 


Fpa = iyLB, sin 90° = 
:; a 2rd 


% В, (due to i, ) 
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Ex1 Three very long, parallel wires (a small portion of each is shown in the 
drawing) are resting on a flat surface. The distance between wire B, which 
has а 15 mA current to the left, and its neighbors is 0.0015 m. Wire А 
carries a 10 mA current toward the right; and wire C carries a 5 mA current 
toward the right. Rank the wires in order of the magnitude of the net 
magnetic force on each, with the largest value first and the lowest value 


last. www.sli.do 
(ФА>в>с 
b) B>A>C 
c) C>B>A 
d) A>C>B 


e) B>C>A 


pol lath 
ЖЕРІНІП 
pad 
AQ Umi ж» ) 
BO <= mA) 


CQ бта = ) 


‘ps mt | 

р 

Ға» | Fac Foc] РМ Feal Fea 
jos ins jou 156 17-5 


area ET 
o P x 77 х 
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$ TORONTO 


Rail Gun 


ECE110 Lecture 14 


$ TORONTO 


Ampere’s Law 


ECE110 Lecture 14 

Gauss’ Law: Sp = fone 

af BAR = Jene 
T 


No 


Ampere’s Law 


В-ағ- ші, 
ф Бә егес ией surface 


(До А Lev 
The line integral іп this equation is evaluated around a 
closed loop called an Amperian loop. The current і on the 
right side is the net current encircled by the loop 


André-Marie Ampère James Clerk Maxwell 
(1775-1836) (1831-1879) 
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; choose a divection 
Ampere’s Law + integration 


(сол dvs weed n 
Abs Aivectiow Б 


K^ que 
fats ds = polene 


ИЕ. 
-it La 

Sign Curl your right hand around the Amperian loop, 
with the fingers pointing in the direction of 
integration. A current through the loop in the 
general direction of your outstretched thumb is 
assigned a plus sign, and a current generally in 
the opposite direction is assigned a minus sign. 


Ampere's law states a 


$ TORONTO ECE110 Lecture 14 


Applying Ampere’s law: outside of a long straight wire 


$e di^ Зри As 


2 
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Applying Ampere’s law: inside of a long straight wire 
Assume current 13 wif ү dirt ре 


AEN MEE AS 
hec | cr * бт 
А sed 
2 lev? b- 2aVe= pre Tone 
Be АЛИНА por r 
E Р R >> 22R 


pe the conte 
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Solenoids 


A solenoid carrying current / 


Ex2 If an observer could "see" the magnetic field inside the 
solenoid, how would it appear? www.sli.do Я BCE (10/02 


00800 
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$ TORONTO 


Solenoids 


A solenoid carrying current / 


We com dte assume 
the extorwad metit 
fiat to ve 30° 

ch> AS 
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Ex3 Awire, connected to a battery and switch, passes through the center of 
a long current-carrying solenoid as shown in the drawing. When the 
switch is closed and there is a current in the wire, what happens to the 
portion of the wire that runs inside of the solenoid? 


a) There is no effect on the wire 1 П 
b) The wire is pushed downward 
с) The wire is pushed upward 


С 
d) The wire is pushed toward the left. Switch 


e) The wire is pushed toward the right. 
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CR ECE110 Lecture 15 


Welcome 
(Lecture 15) 


Today’s Agenda 
= Ampere's Law (review) 
* Faraday's Law 


* Lenz's Law 
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m 
Ampere's Law | f | | Direction of 


3 A o 
B*ds = Bola ( 


The line integral in this equation is evaluated around a 
closed loop called an Amperian loop. The current Гоп the 
síde is the net current encircled by the loop 


integration 


Sign Curl your right hand around the Amperian loop, 
with the fingers pointing in the direction of 
integration. A current through the loop in the 
general direction of your outstretched thumb is 
assigned a plus sign, and a current generally in 
the opposite direction is assigned a minus sign. 
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Solenoids Current 


A solenoid carrying current i 


Z Y 


= Magnetic 
IA field 


2 


We cam Aten assume 
iy 

the external B 

у pere 
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EX1 Аме, connected to a battery and switch, passes through the center of 
a long current-carrying solenoid as shown in the drawing. When the 
switch is closed and there is a current in the wire, what happens to the 
portion of the wire that runs inside of the solenoid? 


(a) There is no effect on the wire 1 1 
b) The wire is pushed downward 
c) The wire is pushed upward 1 
С 
а) The wire is pushed toward the left. Switch 


e) The wire is pushed toward the right. 
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Faraday’s Law L 


First Experiment: We have a conducting loop connected to a sensitive 
ammeter. Because there is no battery or other source of emf included, 
there is no current in the circuit. However, if we move a bar magnet 
toward the loop, a current suddenly appears in the circuit. The current 
disappears when the magnet stops moving. If we then move the 
magnet away, a current again suddenly appears, but now in the 
opposite direction. 


So 110 Lecture 15 


Faraday’s Law 


Discoveries from the First Experiment: 


1. Acurrent appears only if there is relative motion between the loop and 
the magnet (one must move relative to the other); the current 
disappears when the relative motion between them ceases. 


2. Faster motion of the magnet produces a greater current. 


3. If moving the magnet's north pole toward the loop causes, say, 
clockwise current, then moving the north pole away causes 
counterclockwise current. Moving the south pole toward or away from 
the loop also causes currents, but in the reversed directions from the 
north pole effects. 


110 Lecture 


Faraday’s Law 


Second Experiment: We put two conducting loops close to each other 
but not touching. If we close switch S to turn on a current in the right- 
hand loop, the meter suddenly and briefly registers a current—an 
induced current—in the left-hand loop. If the switch remains closed, no 
further current is observed. If we then open the switch, another sudden 
and brief induced current appears in the left-hand loop, but in the 
opposite direction. 
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Faraday’s Law 


Discoveries from the Second Experiment: 


We get an induced current (from an induced emf) only when the current in 
the right-hand loop is changing (either turning on or turning off) and not 
when it is constant (even if it is large). 
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An emf and a current can be induced in a loop by changing 
the amount of magnetic field passing through the loop. 
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Faraday’s Law 


Magnetic flux ў, 


Suppose a loop enclosing an area A is placed in a magnetic 
field B , then the magnetic flux through the loop is 


Special case. the (өр lies Ги a plme 
o лы ИИ 
voii Da E [з-д 
E> JEAN ВА ыз ty mt a closed surface 
Where the integral is taken over the area 


The SI unit of magnetic flux is weber (Wb) | wb- (T m 
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Faraday’s Law 


Faraday’s law can be formally written as 


f * dt 
If the magnetic flux Ф through an area bounded by a 
closed concluding loop changes with time, a current and an 
emf are produced in the loop; this process is called 
induction 


Серен е 


Michael Faraday 
cowed 1791-1867 12 
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If we change the magnetic flux through a coil of N turns, an induced emf 
appears in every turn and the total emf induced in the coil is the sum of 
these individual induced emfs. If the coil is tightly wound (closely 
packed), so that the same magnetic flux passes through all the turns, 
the total emf induced in the coil is 


d$, 


%--М 
4 
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Lenz’s Law 


An induced current has a direction such that the 
magnetic field due to the current opposes the change in 
the magnetic flux that induces the current. 


к | 


> > 


м НЕ м 


AR y i T 


Emil Lenz 
1804-1865 |, 
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р decreasi 
ОБА nm 
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Lenz’s Law 
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Ex2 Consider the situation shown. A triangular, aluminum loop is 
slowly moving to the right. Eventually, it will enter and pass 
through the uniform magnetic field region represented by the tails 
of arrows directed away from you. Initially, there is no current in 
the loop. When the loop is entering the magnetic field, what will 
be the direction of any induced current present in the loop? 


О 
a) clockwise 9 9 9 9 Ө 
9 9 59 9 0 
(9) ounterclockwise y 3 © S 5 E: 
C) Nocurrent is о 8 2 5 5 
induced. \ NOE = 9 9 9 9 9 


moving У 
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Welcome 
(Lecture 16) 


Today’s Agenda 

* Faraday's Law (Review) 
* Lenz's Law (Review) 

* |nduction 


* Energy Transfer 
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Right Hand Rules (Review) 


ый 
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Magnetic 
field 
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Faraday’s Law (Review) 


Magnetic flux 


Faraday’s law 


If the magnetic flux Фр through an area bounded by a 
closed concluding loop changes with time, a current and an 
emf are produced in the loop; this process is called induction 


аф s Lae » 
Be Е eg RU 
erm Шы тос 500007 


m eL. = V-lt 
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Lenz’s Law (Review) 


An induced current has a 
direction such that the 
magnetic field due to the 
current opposes the 
change in the magnetic 
flux that induces the 
current. 
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Induction 


Arectangular loop of wire of width L has one end in a uniform 


external magnetic field that is directed perpendicularly into the 
plane of the loop. 


Ж. 


The dashed lines іп the figure 
show the assumed limits of the 
magnetic field 


= => 


zi 
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Induced emf and current 


To find the current, we first apply Faraday's law. When x is the 
length of the loop still in the magnetic field, the area of the 
loop still in the field is Lx. 
ss 
4; ү | Шы, 


The magnitude of the 
flux through the loop is 


©, = ВА = BLx 
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Induced emf and current 


As x decreases, the flux decreases. Faraday’s law tells us 
that with this flux decrease, an emf is induced in the loop. 


We can write the magnitude of the emf as 


jek = dE _ 4 віх = = af) BLv 
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Induced emf and current 


An equivalent circuit diagram for the loop while it is moving 


collective yesistanes 


at r=? 4 th. 67 
db, d = х _ 
=a т BLx = BL = BLv 
(= + BLv 
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© 
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Ex Consider the two situations shown. A rectangular aluminum loop is 
dropped above of a uniform magnetic field. Initially, there is no current in 
the loop. What are the directions of the magnetic forces act on the ring 
when it is (1) entering the magnetic field, (2) exiting the magnetic field? 


x x x x x À 68 |х 
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Induction 


Video Demonstration 
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Induction 
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Thermal Energy 
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NTO 


Eddy Current 


Eddy 
current 
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Eddy Current 
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око 
Eddy Current 


Video Demonstration 
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Welcome 
(Lecture 17) 


Today’s Agenda 

* Induction and Energy Transfer (Review) 
* Inductors and inductance 

* Self-induction 

* Energy stored in magnetic field 


* Series and Parallel connections of inductors 
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Induction (Review) 
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Thermal Energy Rate 


jM 27 242 
p= (Eja - 2 


R R 
= ру 
Р Y 
valocity 
= IV 
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$ TORONTO 


Inductor 


= An inductor is a device that can be used to produce a 
known magnetic field in a specified region 


ИУ 
W =O 


= Symbols 
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Inductor 


RONTO E110 Lecture 17 


Inductor 
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S TORONTO 
Inductance A (ШЇ 
= The inductance of an inductor is defined as Ы РА 
Mambe 4 en 
ом Ee МФ, 


i 
NÀ,. мәреде flux кее 
L (5 à mensure 4 the el fe Т puts 
кайда” pe MA 
* The SI unit of inductance is henry (H) hy i f 
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Inductance of a Solenoid Š ГТ 


= Consider а long solenoid of a length / and а cross- A 
sectional area A. 


NỌ; = (nl)(BA) = nh pon À 
ге n 


C Lecture 15) 
а 


+ 
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pem of a Solenoid ПТ 


= The inductance of a long solenoid of a length / anda 
cross-sectional area A is: 


po NP» _ DBA) _ (nl)(woin)(A) 


i i i 
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Ex Two solenoids, A and B, have the same length and cross-sectional 
area. Solenoid B has three times the number of turns per unit 
length. What is the ratio of the inductance of solenoid B to that of 
solenoid A? 


a) 1/3 


b) 3 


c) 3 


ECE110 Lecture 17 


Self Inductance 


= An induced emf €, appears in any coil in which the 


current is changing 


For any inductor, the self 


induced emfis Mg- Li 
ама) — Ldi 
сш. 


The self induced emf has 
the orientation such that it 
opposes the change in 
current i 
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Self Inductance 


= An induced emf ё ; appears in any coil in which the 
current is changing 
ІМ, 


i (increasing) i (decreasing) 


- Же ы 
D € 
- * 


Alavongh we commit dafine om Дасс potential within 
pra сти, We cam define om ое М С роет бл the 


civenit wet within the ductor 
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Self Inductance 


+" 
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Energy Stored in Magnetic Field 


= |f an inductor L carries a current i, the inductor's 
magnetic field stores an energy given by 


Up = IL? Preef green (^ 
diu феи 
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Inductors in Series 


= Two inductors L1 and L2 are connected in series and are 
separated by a large distance so that the magnetic field of 
one cannot affect the other. What is the equivalent 
inductance? 


Ф V= М+ м, 
ET 
que 0 ‘ і 
au La À = LÀ LA 
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Inductors in Parallel 


* Two inductors L1 and L2 are connected in parallel and are 
separated by a large distance so that the magnetic field of 
one cannot affect the other. What is the equivalent 
inductance? dts) 


x dù dà 
Veiga + EET) 


ЖШ: Ж 

E EM Nd 

к peu 
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Ex Inthe circuits below, L1 = 30mH, L2 = 50mH, L3 = 20mH, and L4 
= 15mH. What is the equivalent inductance of this arrangement? 
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$ TORONTO 


Welcome 
(Lecture 18) 


Today’s Agenda 
* Inductor and inductance (Review) 
* Self Induction (Review) 


* Review Magnetism 
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Inductor and Inductance 


* An inductor is a device that can be used to produce a 
known magnetic field in a specified region 


* The inductance of an inductor is defined as 


pos 
i 


= The inductance of a long solenoid of a length / and a 
cross-sectional area A is: 


Nog _ (nD(BA) _ (шит) 
i i i 


L= = uomlA 
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Self Inductance 


= An induced emf € , appears іп any coil in which the 
current is changing 


i (increasing) 
— 


For any inductor, the self induced emf is 


" 
v ED d сы 5 АУФ»). 
U P € L dt 
di 
i (decreasing) „= —1,—— 
Ie " dt 


such that it opposes the change in 


у s The self induced emf has the orientation 
© : 
* current i 
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Series and Parallel connections of inductors 


= Equivalent inductance of inductors connected in series 


b= Fail 


= Equivalent inductance of inductors connected in parallel 


1 o1 
— = — + = == 
Ты. G bL 2. li 


eq 
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Ex Inthe circuits below, L1 = 30mH, L2 = 50mH, L3 = 20mH, and L4 
= 15mH. What is the equivalent inductance of this arrangement? 
Я ГИН КЕТ 
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Electric 


F=qE 
Fundamental element 
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Field 


Electric Ẹ (V) 


Magnetic в LT) 


From Coulomb's Law The Law of Biot-Savart 
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Field Lines 


Electric Magnetic 
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Flux 
Electric Magnetic 
o,- [gai о, = [3-3 
Gauss’ Law Ampere’s law 
£0 фе ^ dA = Gene $ В. dS = шу, 


Ps > 
Apply Gaus’ law > E Apply Ampere's Law 2 B 


Lecture 


Find Field 


Electric Magnetic 
Surface ога changed сопа The magnitude of the magnetic field at a 
E=T perpendicular distance R from a long 


% straight wire, carrying a current i, is 
Line of charge 9 жары р 


Bo 
27R 
Infinite non-conducting sheet The magnitude of the magnetic field at the 
E- center of a circular aro, of radius R and 
bu tral angle Ф (in radians), carryi 
Outside a spherical shell of charge Settee 9 (in radians), carrying 
_ Mig 
4m P PERO 
Inside a uniform spherical shell а 
Жей For a full circle (Ф = 2m) 
Inside a uniform sphere of charge p- №2) _ ши 
z-( 4 ) © AR 28 
ECTS 
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Potential 


Electric Magnetic 


аФ, 


v=- [zar usb makers 
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Circuit Components 


Electric Magnetic 
q No, 
C-— D 
V | i 
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Circuit Components 


Electric Magnetic 
Parallel plates Solenoids 
&A 
С---- L = шоп? [А 
d 
Parallel " Parallel 1 1 1 T" 
eG аа я 
ік FA L L whe 
гі eq 1 2 
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Energy 


Electric Magnetic 
2 17; 
О =icv? Ц = 512 


Demonstration: LC circuit 
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Right Hand Rules 
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Lenz’s Law 


An induced current has a 
direction such that the 
magnetic field due to the 
current opposes the 
change in the magnetic 
flux that induces the 
current. 
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Welcome 
(Lecture 19) 


Today’s Agenda 
= System of Units 


Basic Quantities 


Circuit Elements 


Ohm's Law 
Kirchhoff's Laws 
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International System of Units (SI) 


* Seven base units: 


Symbol Name Quantity 
5 | second time 
m | mete length 
kg | kilogram mass 
A | ampere electric current Е 
K | E kelvin 3 rene ra 
mol | mole amount of substance 
cd | candela luminous intensity 
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SI electromagnetism units vre 
Symbol! Name of quantity Unit name Symbol Base units 
E energy joule J kams? =CV 
a electric charge coulomb с [А 
П electric current ampere A AG WN=C85) 
J lee eurent бету 000 i f, emere per square metro Am Am? 
AV; Age potential diference: voltage; electrodiolive force. vol у wIC= нтв sat 
R electric resistance ohm D — VA-IQm s AT 
р resistivity ohm metre ат  kmsiA? 
P electric power watt Wo ЧА а 
c capacitance farad F ON = kgm Zaz! 
©: electric fux vol metre Ут kgs At 
Е electric field volt per metre Vim — NC=kgmA s? 
permittivity fared per metre Cm) ker her Ast 
conductance siemens Sob tang tm? 
conductivity siemens per metre эт азал? 
в magnetic field tesla ИА Wege NAA 
Ф.Ф Фа magnetic fux weber Wo Ve=koms at 
LM inductance henry н МЫА=УзА = куп? 22 
и permeability henry per metre (e кит A2 


https:llen-wikipedia.orglwiki/SI. electromagnetism units 
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Standard SI Prefixes 


E 


pe 405 4097: 10% чеч + 109: 40% 40% 401% 


Tos 


e pico (р) nano (n) micro (p) milli (m) kilo (k) mega (M) giga (G) tera (T) 
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DC and AC Current 
PC o^ AL Voltage 
Direct Current 
(DC) 


i(t) 


t 
nitude А divection 
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Voltage, Power, and Energy (Review) 


* Voltage do 
= p 
= Power + vate 4 energy rens 
P dw (2) dw 
= vi = кые 
i ag Na) d. 


= Energy 


Aw = Гьа- [ыа 
ti ti 
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Passive Sign Convention 
E мо). (CC) 
n $ 


М-М APB 


in) 


If the voltage and current associated with an element are as 
in this figure, the product of v and i, with their attendant 
signs, determines the magnitude and sign of the power. 


If the sign is positive, power is being absorbed by the 
element, and if the sign is negative, the element is supplying 
power. 
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Independent Voltage Source 


An independent voltage source is a two-terminal 
element that maintains a specified voltage between its 
terminals regardless of the current through it 


v 


A 


v(t) 
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Independent Current Source 


An independent current source is a two-terminal 
element that maintains a specified current regardless 
of the voltage across its terminals 

v 


iW 
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Dependent Sources 


* Dependent sources generate a voltage or current 
that is determined by a voltage or current at a 
specified location in the circuit. 


= Four types of dependent sources Curve veltoe 


Voltage Lod 
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didi + 
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Conservation 


of Energy 


Tellegen’s theorem: power supplied in a network is 


exactly equal 


to the power absorbed. 
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Ohm's Law and Resistance (Review) 


Ohm's law states that the voltage across a resistance is 
directly proportional to the current flowing through it. 


vit) ac 
ue v(t) = Ri(t), where R 2 0 


The resistance, measured in ohms, is the constant of 
proportionality between the voltage and current. 


1Q=1V/A 
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Conductance 
Conductance, represented by the symbol G, is the 
reciprocal of resistance 


І 
С = = 


К 


The Ohm's law can also be written as 
i(t) = Gv(t) 
The relationship between the units 


S | 
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Power (using Ohm’s Law) 


P(t) = v(t)i(t) 


pit) = ge) = © 
s) = ©) = av 
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Welcome 
(Lecture 20) 


Today’s Agenda 
* Basic Concepts (Review) 


Kirchhoff's Laws 


* Single-Loop Circuits 


Single-Node-Pair Circuits 


* Series and Parallel Resistor Combinations 
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Current, Voltage, Power, and Energy (Review) 


p) = iq) = 10 
p) =O 2 Gor 


= Current 
; dq(t) E 
i(t) = та“ q(t) = i(x) dx 
= Voltage dii 
E 
* Power __ dw (8) - dw 
dg d) d + 
* Energy 
Aw = 7 
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Independent Sources 
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Dependent Sources 
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Passive Sign Convention 


i(t) 


v(t) 


If the voltage and current 
associated with an element are as 
in this figure, the product of v and i, 
with their attendant signs, 
determines the magnitude and sign 
of the power. 


Tellegen’s theorem 


Power supplied in a network equals to the power 


absorbed. 
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Open and Short Circuits 


i(t) i(t) i(t) 


+ + * 
v(t) AR v(t) vt) 
о о. о 
(а) (b) (c) 
Short circuit Open circuit 


Reo К === 
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A node is simply a point of connection of two or more circuit 
elements. Although one node can be spread out with perfect 
conductors, it is still only one node. 
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Node, Loop, and Branch 


This в pie 


(a) (5) 


A loop is simply any closed path through the circuit in which 
no node is encountered more than once. 
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ЕС) 


% promis in this ch 


(a) 


A branch is a portion of a circuit containing only a single 
element and the nodes at each end of the element. 
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Kirchhoff’s Current Law (KCL) 


Kirchhoff's current law (KCL) states that the algebraic 
sum of the currents entering any node is zero. 


Г у м uM 
A 235 


vt 


[ 


1464 е? 


Gustav Kirchhoff ў it tye vy 
1824 - 1887 5 


ECE110 Lecture 20 


Ex1 Find /,, lp, and l; in the network 

Applying Fel at Node (8) 

I+ А+ 48-24-2452 
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JA = bA- 34 - №20 


1, = - f 
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Kirchhoff’s Voltage Law (KVL) 


Kirchhoff's voltage law (KVL) states that the algebraic 
sum of the voltages around any loop is zero. 
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Single-Loop Circuits 
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Resistors Connected in Series 


The equivalent resistance of n resistors in series is 


Reg = > R; 
ja 
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Multiple-Source/Resistor Networks 
In the circuit below, find Vz, and V5; 
v(i) Applying ЕУІ. 
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Single-Node-Pair Circuits 
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Resistors Connected in Parallel 


The equivalent resistance of n resistors in parallel is 


2x 


Ra 7-1 К, 
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Multiple-Source/Resistor Networks 


In the circuit below, find |, and |5 
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Ex Inthe circuit below, what is 14? 
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Welcome 
(Lecture 21) 


Today’s Agenda 

= Kirchhoff's Laws (Review) 

* Single-Loop/Single-Node-Pair Circuits (Review) 
= Nodal Analysis 
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KCL & KVL 


Kirchhoff's current law (KCL) states that the algebraic 
sum of the currents entering any node is zero. 
N 


Dit) =0 


j=l 


Kirchhoff's voltage law (KVL) states that the algebraic 
sum of the voltages around any loop is zero. 
N 


> v(t) = 0 


ізі 
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Resistors Connected in Series 


The equivalent resistance of n resistors in series is 


Reg = DR; 
j=l 


Resistors Connected in Parallel 


The equivalent resistance of n resistors in parallel is 


у, 
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Single-Loop Circuits 
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Single-Node-Pair Circuits 
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Reference Node (or Ground) 


he Ale (оде namber 
ы былды hes А taquected 


ЫН romach! 

Node voltages are often +. it 
defined with respect to a 
Notis common point in the circuit 


This is commonly called 


ground 
ane ка pe ea 
тым амо potet 
‚ы эуе! at J^ À 2 pee ( 


NTO ECE110 Lecture 21 


Systematic w LATI ame sis 
Nodal Analysid (1/4) TT jJ 


Circuits Containing only Independent Current Sources 
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Determine all node voltages and branch currents 
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E ONTO 


Nodal Analysis (1/4) Circuits Containing only Independent Current Sources 


I, = 1mA, В, = 12kQ, R = 6КО, В; = 6КО, 1, = 4тА. 
Determine all node voltages and branch currents 


м | 
T АГ 
а vis = bv ^ Ri ы 
Vc - бу а 
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Nodal Analysis (1/4) Circuits Containing only Independent Current Sources 


Determine all node voltages 


Q 
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Nodal Analysis (2/4) 


Circuits Containing Dependent Current Sources 


E110 Lecture 2 


Nodal Analysis (2/4) Circuits Containing Dependent Current Sources 


R; = 1КО, Ry = Ry = 2kQ, Ry = 4КО, l4 = 2mA, 
lg = 4mA, a = 2. Determine all node voltages 


КСЕ at Ф Gv, + Gv, — v) — i, = 0 


Кр ot © i, + Gv; — vj) + av, + 6/%- в) = 0 
Ker 4 © Giles — 02) + Gv — ip = 0 


(Gi + бу) — Gi = 
—бүз + (Gi + a + С) — (а + С) = іл 
-бу» + (G; + Gs = ig 


[ 
= 


n 


Ry 


В, = 1КО, Ry = Ry = 2kQ, Ry = 4КО, 1, = 2mA, 
lg = 4mA, a = 2. Determine all node voltages 


ii 4 
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1 1 1 1 vı 0002 
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2k 2k 
= 119940 V 
1,159910 V 
w, = 159940 V 
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Nodal Analysis (3/4) 


Circuits Containing Independent Voltage Sources 


эко 


Determine all node voltages and branch 
currents 
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oo 
Nodal Analysis (3/4) Circuits Containing Independent Voltage Sources 


ev 
© 

4mA 
em(f) 12k Ф 


Nodal Analysis (3/4) Circuits Containing Independent Voltage Sources 


Ex 


Determine the current |, in the circuit 
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$ TORONTO 


Welcome 
(Lecture 22) 


Today’s Agenda 
* Nodal Analysis with current sources (Review) 


* Nodal Analysis with voltage sources 


NTO 110 Lecture 22 


Reference Node (or Ground) 


Node m R Node N 
+ i + 
Um oy 


Node voltages are often 
defined with respect to a 
common point in the circuit 


This is commonly called 
ground 
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Nodal Analysis (Review) 


& м Ф 9 “Yn 

. OV Г. ее mee he i 
р R R | R 

ПЕЛ Vi ЕР n b'e eS 

i KR F R 
1-@\»?о E 


110 Lecture 22 


SNo 
Nodal Analysis (1/4) - Review 


Circuits Containing only Independent Current Sources 


Determine all node voltages and 
"n а ic » branch currents 
L3 
R: Rs Rs 
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Nodal Analysis (2/4) - Review 


Circuits Containing Dependent Current Sources 


Determine all node voltages 


A 1 
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Nodal Analysis (3/4) 


Circuits Containing Independent Voltage Sources 


We Determine all node voltages and branch 
currents 
OL ue ny o E uu 
1 
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d 67 Vi-V, Ve Ve- V3 
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Nodal Analysis (3/4) Circuits Containing Independent Voltage Sources 


Super node 


Su node avoids tu = 
ремет 4 dealing with 
a current жемді a voltage source 


pps > 
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Nodal Analysis (3/4) Circuits Containing Independent Voltage Sources 
у. © 


Determine the current |, in the circuit 
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Nodal Analysis (4/4) 


Circuits Containing Dependent Voltage Sources 


pee @ в m 


Determine the current Ip 
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Nodal Analysis (4/4) Circuits Containing Dependent Voltage Sources 


EXAMPLE 
вка 


Determine the current lg 
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Nodal Analysis (4/4) Circuits Containing Dependent Voltage Sources 
EXAMPLE. 


D Determine V, in the network 
тка VE AV Ce 
m © Here, ohare, Verh 
(Dem Qe 
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2 WX ии, M-n 4 
ae = Leg? 
ie кї к * ik ^ ik 9 1) 
қа ot the M, Ve 2 Lego 
«© Ik к k 
ne 


оуд > Ve=2V and %-5У 
У = ЗУ, -Vs=1V 


E110 Lecture 22 


ONTO 


% 


Nodal Analysis (4/4) Circuits Containing Dependent Voltage Sources 
Viper wide 


EXAMPLE 


3.41 Determine |, in the network 
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$ TORONTO 


Welcome 
(Lecture 23) 


Today’s Agenda 
* Nodal Analysis with voltage sources (Review) 


* Loop Analysis 


po 


FT 


TO 
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Nodal Analysis: Summary 


Step 1 


Determine the number of nodes in the circuit. Select one node as the reference 
node. Assign a node voltage between each nonreference node and the reference 
node. All node voltages are assumed positive with respect to the reference node. 
For an N-node circuit, there are node voltages. As a result, N-1 linearly 
independent equations must be written to solve for the node voltages 


Step 2 


Write a constraint equation for each voltage source - independent or dependent - 
in the circuit in terms of the assigned node voltages using KVL. Each constraint 
equation represents one of the necessary linearly independent equations, and Nv 
voltage sources yield Nv linearly independent equations. For each dependent 
voltage source, express the controlling variable for that source in terms of the 
node voltages. 

A voltage source - independent or dependent - may be connected between a 
nonreference node and the reference node or between two nonreference nodes. 
A supernode is formed by a voltage source and its two connecting nonreference 
nodes. 


Step 3 


Use KCL to formulate the remaining N-1-Nv linearly independent equations. First, 
apply KCL at each nonreference node not connected to a voltage source. 
Second, apply KCL at each supernode. Treat dependent current sources like 
independent current sources when formulating the KCL equations. For each 
dependent current source, express the controlling variable in terms of the node 
voltages. 


Lecture 23 


Nodal Analysis (Review) 


EXAMPLE 


м. 
3.11 ч 


Determine |, in the network 


у= и -12 
Va 
hx 


И =-38V 
V, = -32 V 
Vs =—48 V 

lọ = -48тА 
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А Model analysis : KCL > vesolve wode vltmes 
Loop Analysis 1 Y 
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Loop Analysis (1) Circuits Containing only Independent Voltage Sources 


Wien fe с ы Be 7, М6 B- Mel = 7-6 2 
Apply KVL to mesh | 
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Loop Analysis (1) Circuits Containing only Independent Voltage Sources 


EXAMPLE 


313 Write the mesh equations by inspection 
e- b. N74, 
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— bk m 5 
ja v wr} ne 
"o ep | “||” 
12» wd ^ Е 
The АЕ kok 9 ш 


ECE110 Lecture 23 


Loop Analysis (2) 
Circuits Containing Independent Current Sources 


Determine V, and V, in the network 
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Yo L te mesh 2: 
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Welcome 
(Lecture 24) 


Today’s Agenda 

* Loop Analysis with independent sources (Review) 
* Loop Analysis 

* Equivalence 


* Linearity 
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Loop Analysis (Review) 


There are B-N+1 linearly independent KVL equations for any network, 
where B is the number of branches and N is the number of nodes 


(1) Circuits Containing only Independent 
Voltage Sources (с вю 


(2) Circuits Containing Independent 
Current Sources 


VAE 202-2) 
Vis № АКТ 


ECE110 Lecture 24 


EXAMPLE 
3.15 


(ET, 7-3 аҚ 
7 12,39 "E 


Ve = bk 53 -3 


Loop Analysis (2) Circuits Containing Independent Current Sources 


Determine V, in the network 
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Loop Analysis (2) Circuits Containing Independent Current Sources 


EXAMPLE. 
3.16 Lie 2m ty 
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E ey 
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Loop Analysis (2) Circuits Containing Independent Current Sources 


EXAMPLE 
3.16 
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Superest avoids Tar od woo my the unknown 


na Vx 


110 Lecture 24 


Loop Analysis (3) Circuits Containing Dependent Sources 


EXAMPLE 


ВІ «vl t wesh | 
HL, + Ve - Nee 0 


Apply FVL + mesh? 
-34 > - Ук=0 


Vxe ak (4-4) 


Determine V, in the network 
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Loop Analysis (3) Circuits Containing Dependent Sources 
EXAMPLE. 


+ Determine V, in the network 
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Apply KVL to mesh 2 
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Loop Analysis (3) Circuits Containing Dependent Sources 
EXAMPLE. 


Determine the loop currents 
L, Ip, Ig and l4 


110 Lecture 24 


Loop Analysis (3) Circuits Containing Dependent Sources 


EXAMPLE Lectuve v». [и 
3.10 & Determine V, in the network 
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Loop Analysis (3) Circuits Containing Dependent Sources 
EXAMPLE Lecture УУ fe 
3.11 & 


Determine |, in the network 
3.21 » 
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Loop Analysis (3) Circuits Containing Dependent Sources 
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Loop Analysis: Summary 


Step 1 


Determine the number of independent loops in the circuit. Assign a loop current 
to each independent loop. For an N-loop circuit, there are N-loop currents. As a 
result, N linearly independent equations must be written to solve for the loop 
currents. 

If current sources are present in the circuit, either of two techniques can be 
employed. In the first case, one loop current is selected to pass through one of 
the current sources. The remaining loop currents are determined by open 
circuiting the current sources in the circuit and using this modified circuit to select 
them. In the second case, a current is assigned to each mesh in the circuit. 


Step 2 


Write a constraint equation for each current source - independent or dependent - 
in the circuit in terms of the assigned loop current using KCL. Each constraint 
equation represents one of the necessary linearly independent equations, and 
current sources yield linearly independent equations. For each dependent current 
source, express the controlling variable for that source in terms of the loop 
currents. 


Step 3 


Use KVL to formulate the remaining linearly independent equations. Treat 
dependent voltage sources like independent voltage sources when formulating 
the KVL equations. For each dependent voltage source, express the controlling 
variable in terms of the loop currents. 


CR ECE110 Lecture 25 


Welcome 
(Lecture 25) 


Today’s Agenda 

* Loop Analysis (Review) 
= Equivalence 

* Linearity 


= Superposition 
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Loop Analysis (2) Circuits Containing Independent Current Sources 
EXAMPLE. 
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Loop Analysis (2) Circuits Containing Independent Current Sources 


EXAMPLE. 
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Loop Analysis: Summary 


TO 


E110 Lecture 25 
^ nodes 
p- №] 


Step 1 


Determine the number of independent loops in the circuit. Assign a loop current 
to each independent loop. For an N-loop circuit, there are N-loop currents. As a 
result, N linearly independent equations must be written to solve for the loop 
currents. 

If current sources are present in the circuit, either of two techniques can be 
employed. In the first case, one loop current is selected to pass through one of 
the current sources. The remaining loop currents are determined by open 
circuiting the current sources in the circuit and using this modified circuit to select 
them. In the second case, a current is assigned to each mesh in the circuit. 


Step 2 


Write a constraint equation for each current source - independent or dependent - 
in the circuit in terms of the assigned loop current using KCL. Each constraint 
equation represents one of the necessary linearly independent equations, and 
current sources yield linearly independent equations. For each dependent current 
source, express the controlling variable for that source in terms of the loop 
currents. 


Step 3 


Use KVL to formulate the remaining linearly independent equations. Treat 
dependent voltage sources like independent voltage sources when formulating 
the KVL equations. For each dependent voltage source, express the controlling 
variable in terms of the loop currents. 


Equivalence 
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№ 


110 Lecture 25 


Linearity 
Alinear system satisfies additivity and homogeneity properties 
dis new * bs + 
„—| spt 5 


* Additivity lii ap Va 


Vine > Ves» 
Ving = Vinga Уаз ә Ма Vedi Vest» 


* Homogeneity (scaling) 
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ONTO 


bd 
Linearity 
EXAMPLE 
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Linearity ады ыны 
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% УИ У. an 


Determine the |, using the homogeneity 
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(scaling) property of linear systems 
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ато 
Superposition 


In any linear circuit containing multiple independent sources, the 
current or voltage at any point in the network may be calculated as 
the algebraic sum of the individual contributions of each source acting 
alone 


When determining the contribution due to an independent source, any 
remaining voltage sources are made zero by replacing them with 
short circuits, and any remaining current sources are made zero by 
replacing them with open circuits. 
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Determine the V, using the superposition 
property of linear systems 
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Superposition 


en 
Determine the І, using the superposition property of linear 
systems 
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Determine the У, using the superposition 
property of linear systems 


Superposition 
EXAMPLE 
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Step 1 
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Determine the У, using the superposition 
property of linear systems 
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Superposition 


Lecture 25 
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54 Determine the V, using the superposition 
* property of linear systems 
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Welcome 
(Lecture 26) 


Today’s Agenda 
= Linearity (Review) 
= More examples of linear networks 


* Thévenin’s and Norton’s Theorems 
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Linearity (Review) 


Alinear system satisfies additivity and homogeneity properties 


= Homogeneity > scaling Viv 
(ew Г“ 
+ ae 09 
+ 
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Voltage and Current Division (Review) 


Single-Loop Circuits Single-Node-Pair Circuits 
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EXAMPLE 
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Step 1: find the contribution of the 3V 
independent voltage source to the 
output voltage Vo (open the 2mA 
current source) 
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Step 3: Vo = Vo + Vo” 
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Determine the V, using the superposition 
property of linear systems 


Step 2: find the contribution of the 
2mA independent current source to 
the output voltage Vo" (short the 3V 
voltage source) 
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Determine the V, using the superposition 
property of linear systems 


Me viža -5 


я 


Superposition 


Lecture 26 


EXAMPLE 
54 Determine the V, using the superposition 
* property of linear systems 
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Thévenin’ s and Norton’s Theorems 
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$ TORONTO 


Welcome 
(Lecture 27) 


Today’s Agenda 


* Thévenin's and Norton’s Theorems 
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Thévenin’s and Norton’s Theorems 


(1) Circuits Containing Only Independent Sources 


If the circuit contains only independent sources, they are made zero by 
replacing the voltage sources with short circuits and the current sources with 


open circuits. Втн is then found by computing the resistance of the purely 
resistive network at the open terminals. 
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Thévenin’s and Norton’s Theorems 
(1) Circuits Containing Only Independent Sources 


Find the Vp using Thévenin's theorem 
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Thévenin’s and Norton’s Theorems 


(1) Circuits Containing Only Independent Sources 


Find the Vp using Norton's theorem 
Б 


Use the тенен) "mrt 1ке 
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Chek the text bk for х АҢ, 


Thévenin’s and Norton’s Theorems tthed 


(1) Circuits Containing Only ee Sources 
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Thévenin’s and Norton’s Theorems 
(1) Circuits Containing Only Independent Sources 


puris ? Find the V; using Thévenin's theorem 
| Me) 
E 
вю V. 
20A - 
Find Voc Find Rz, 


Thévenin equivalent 
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Thévenin’s and Norton’s Theorems 
(1) Circuits Containing Only Independent Sources 


? Find the Vo using Norton's theorem 


2kn 


Norton equivalent 


Thévenin’s and Norton’s Theorems 
(2) Circuits Containing Only Dependent Sources 


If the circuit contains only dependent sources, an independent voltage or current 
source is applied at the open terminals and the corresponding current or voltage 
at these terminals is measured. The voltage/current ratio at the terminals is the 
Thévenin equivalent resistance. Since there is no energy source, the open-circuit 
voltage is zero in this case. 
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Thévenin’s and Norton’s Theorems 
(2) Circuits Containing Only Dependent Sources 


Бен 
Find the Thévenin's equivalent resistance of 
the network at the terminals A-B 


Bei 
w ТН = + 
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S TORONTO 


Welcome 
(Lecture 28) 


Today’s Agenda 
* Thévenin's and Norton’s Theorems 


= Maximum Power Transfer 


110 Lecture 28 


Thévenin’s and Norton’s Theorems 


Thévenin’s Norton’s 
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Thévenin’s and Norton’s Theorems 


(1) Circuits Containing Only Independent Sources 


If the circuit contains only independent sources, they are made zero by replacing 
the voltage sources with short circuits and the current sources with open circuits. 
Ra is then found by computing the resistance of the purely resistive network at 
the open terminals. 


(2) Circuits Containing Only Dependent Sources 


If the circuit contains only dependent sources, an independent voltage or current 
source is applied at the open terminals and the corresponding current or voltage 
at these terminals is measured. The voltage/current ratio at the terminals is the 
Thévenin equivalent resistance. Since there is no energy source, the open-circuit 
voltage is zero in this case. 


SNTO 110 Lecture 28 
Thévenin’s and Norton’s Theorems 
(2) Circuits Containing Only Dependent Sources 


Find the Thévenin's equivalent resistance of 
the network at the terminals A-B 
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M V TH т. т. 
- We Ve 
X E 
Agile V 


ONIO 110 Lecture 28 
Thévenin's and Norton's Theorems 
(2) Circuits Containing Only Dependent Sources 


Find the Thévenin's equivalent resistance of 
the network at the terminals A-B 


Method 2 и 
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Thévenin’s and Norton’s Theorems 
(2) Circuits Containing Only Dependent Sources 


EXAMPLE 


540 эка, аж Find the Thévenin's equivalent resistance of 


the network at the terminals A-B 


DI EID эк 


Thévenin’s and Norton’s Theorems 


(3) Circuits Containing Both Independent and Dependent Sources 


If the circuit contains both independent and dependent sources, the open-circuit 
terminals are shorted and the short-circuit current between these terminals is 


determined. The ratio of the open-circuit voltage to the short-circuit current is the 
resistance Күң. 


Voc 
Кең = 
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Thévenin's and Norton's Theorems 


(3) Circuits Containing Both Independent and Dependent Sources 
EXAMPLE. " А ONT 5 

А Find the Thévenin's equivalent 
5.11 © 


resistance of the network at the 
terminals A-B 
эю V, 
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Thévenin's and Norton's Theorems 


(3) Circuits Containing Both Independent and Dependent Sources 
EXAMPLE. 12у 


541 Find the Thévenin's equivalent 


A 
Ж © % resistance of the network at the 
terminals A-B 
У 20001, 22ка 18 V 
Ik : 
B 
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Thévenin’s and Norton’s Theorems 
EXAMPLE 


(3) Circuits Containing Both Independent and Dependent Sources 
5.12 
Ve 


Find the Thévenin’s equivalent resistance of 
the network at the terminals A-B 
у, 


Step 2: Find Isc 


hsc 11/2 mA 


Thévenin’s and Norton’s Theorems 
(3) Circuits Containing Both Independent and Dependent Sources 


EXAMPLE. m д ғай 
519 ? Find the Thévenin's equivalent resistance of 
ҮН Ж the network at the terminals А-В 
E^ 
Vo 
Step 3: 


Rm = Vocllsc = 2 kQ 
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Maximum Power Transfer 


i К Determine the maximum power that can be 
delivered to В, 
‚> 
v RL 08 = 1 № 
v Le R 
C Ath ) Re 
Af, Сау -V RARO 
азаа 
AN CR+ ё) 
The manmum joue ы] 
> К= К 


takes place whee К = К 
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SNo 
Maximum Power Transfer 


i К Determine the maximum power that can be 
delivered to Б, 


v RL ifR= 100, v= 20У 


ECE110 Review 


erm Test 2 


Term Test 2 


Covers lecture 15 — 27 (inclusive) 


Faraday's Law 

Lenz's Law 

Inductors and inductance, self-inductance 

Single-loop circuits, single-node-pair circuits (voltage/current division) 
Nodal/loop analysis 

Equivalence, series and parallel combinations of L, C, R 

Linearity: homogeneity/superposition 

Thévenin's and Norton's theorems 


ECE110 Review erm Test 2 


Magnetic Field 


Given a current > find the magnetic field it produced 


Law of Biot and Savart 


Ampere's Law $ В-ағ = poime 


Special cases 


At a perpendicular distance R from a long At the center of a circular arc, of 
straight wire, carrying a current i radius В and central angle Ф (in 
: radians), carrying current i 

в= ió 

27R э Hole 

4aR 

Inside of a long solenoid carrying a current For a full circle (Ф = 2m) 

i with n turns per unit length ) | 
в = 4 (270 ші 
B = uin 47R 2R 


ECE110 Review erm Test 2 


Magnetic Force 


Given a current and the external magnetic field > find the magnetic force 


Parallel wires carrying currents in the 

same direction attract each other, 

р н : 
Special case whereas parallel wires carrying currents 
E in opposite directions repel each other. 
Fig ? 

> зерек Lii 

E Fig = iLB, sin 90° = ES 2 


В, (due to i,) 


ECE110 Review erm Test 2 


Faraday’s Law 


Faraday's Law 


If the magnetic flux through an area bounded by a closed concluding loop changes with 
time, a current and an emf are produced in the loop; this process is called induction 


Magnetic flux Ф, = Е 


Induced emf (electromotive force) 


ECE110 Review for Term Test 2 


Lenz’s Law 
An induced current has a direction such L 


— Ë 
that the magnetic field due to the current CL 


opposes the change in the magnetic flux 
that induces the current. Бы 


mu uu 


ГА 
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ECE110 Review 


Term Test 2 


Inductor, Inductance, and self-induction 


The inductance of an inductor The energy stored in an inductor 


Ns U, = ILE 


ps 
i 


The inductance of a long solenoid of a length / and a cross-sectional area A 
L = mrlA 


An induced electromotive force % , appears іп any coil in which the current is 
changing 
For any inductor, the self induced 
emf is 

„== 


i (decreasing) 


AND) — y di 


dt dt 
t 
E The self induced emf has the 
orientation such that it opposes 
the change in current i 


ECE110 Review fi 


Basics of Circuit Analysis 


Passive sign convention 


in, 


D) ор = vii) 


If the voltage and current associated with an 
element are as in this figure, the product of v and i, 
with their attendant signs, determines the 
magnitude and sign of the power. 


Positive > power is being absorbed by the element 
Negative > the element is supplying power 


Independent sources: voltage source, current source 


Dependent sources: VCVS, VCCS, CCCS, CCVS 


Kirchhoff's current law (KCL. 


The algebraic sum of the currents 
entering any node is zero. 


N 


Dit) =0 


mi 


Kirchhoff's voltage law (KVL. 


The algebraic sum of the voltages 
around any loop is zero. 


X v(t) = 0 
A 


NIO ECE110 Review for Term Test 2 


Voltage and Current Dividers 


Single-Loop Circuits Single-Node-Pair Circuits 
iw 
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erm Test 2 


Linearity 
Alinear system satisfies additivity and homogeneity properties 


= Homogeneity > scaling 


= Additivity > superposition 


So 


ECE110 Review for Term Test 2 


Equivalence 
го 
B 
vi =. v-v 
——e 
£3]- 5 
Series Parallel 
i Ra= ÈR S 
Resistors eq ER Ra P 
1 21 n 
Capacitors Е ic Ca = 2 G 
3 10-551 
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Nodal Analysis 


Loop Analysis 


Step 1 


Determine the number of nodes in the circuit. Select one 
node as the reference node. Assign a node voltage 
between each nonreference node and the reference 
node. All node voltages are assumed positive with 
respect to the reference node. For an N-node circuit, 
there are node voltages. As a result, N-1 linearly 
independent equations must be written to solve for the 
node voltages 


Write a constraint equation for each voltage source - 
independent or dependent - in the circuit in terms of the 
assigned node voltages using KVL. Each constraint 
equation represents one of the necessary linearly. 
independent equations, and Nv voltage sources yield Nv 


Step 1 


Determine the number of independent loops in the 
circuit. Assign a loop current to each independent loop. 
For an N-loop circuit, there are N-loop currents. As а 
result, N linearly independent equations must be written 
to solve for the loop currents. 

If current sources are present in the circuit, either of 
two techniques can be employed. In the first case, one 
loop current is selected to pass through one of the 
current sources. The remaining loop currents are 
determined by open circuiting the current sources in the 
circuit and using this modified circuit to select them. In 
the second case, a current is assigned to each mesh in 
the circuit 


formulating the KCL equations. For each dependent 
current source, express the controlling variable in terms 
of the node voltages. 


^ | linearly independent equations. For each dependent Write a constraint equation for each current source - 

& | voltage source, express the controlling variable for that independent or dependent - in the circuit in terms of the 

@ | source in terms of the node voltages. сч | assigned loop current using KCL. Each constraint 

A voltage source - independent or dependent - may || с. | equation represents one of the necessary linearly 

be connected between a nonreference node and the 2 | independent equations, and current sources yield 
reference node or between two nonreference nodes. A © | linearly independent equations. For each dependent 
supernode is formed by a voltage source and its two current source, express the controlling variable for that 
connecting nonreference nodes. source in terms of the loop currents. 
Use KCL to formulate the remaining N-1-Nv linearly Use KVL to formulate the remaining linearly 
independent equations. First, apply KCL at each independent equations. Treat dependent voltage 

« | Ronreference node not connected to a voltage source. en | sources like independent voltage sources when 

‘2. | Second, apply KCL at each supernode. Treat dependent || “2 | formulating the KVL equations. For each dependent 

8 current sources like independent current sources when ё voltage source, express the controlling variable in terms 


of the loop currents. 


Find the Thévenin equivalent resistance (Rz) 
(1) Circuits Containing Only Independent Sources 
Make independent sources zero by replacing the voltage sources with short circuits and the current 


sources with open circuits. Ry, is then found by computing the resistance of the purely resistive 
network at the open terminals. 


(2) Circuits Containing Only Dependent Sources 
Apply an independent voltage or current source at the open terminals and measure the corresponding 
current or voltage at these terminals. The voltage/current ratio at the terminals is the тн. 


(3) Circuits Containing Both Independent and Dependent Sources 


Determine the Rz, by the ratio of the open-circuit voltage to the short-circuit current. 
12 
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Welcome 
(Lecture 29) 


Today’s Agenda 
= Thévenin's and Norton’s Theorems (Review) 
= Maximum Power Transfer 


= Review for Term Test 2 


RONTO 110 Lecture 29 


Thévenin’s and Norton’s Theorems (Review) 


Yoo = 


Find the Thévenin equivalent resistance (Ry) 


(1) Circuits Containing Only Independent Sources 
Make independent sources zero by replacing the voltage sources with short circuits and the current 
sources with open circuits. Rp, is then found by computing the resistance of the purely resistive 
network at the open terminals. 


(2) Circuits Containing Only Dependent Sources 
Apply an independent voltage or current source at the open terminals and measure the corresponding 
current or voltage at these terminals. The voltage/current ratio at the terminals is the тн. 


(3) Circuits Containing Both Independent and Dependent Sources 
Determine the Ry, by the ratio of the open-circuit voltage to the short-circuit current. 
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Maximum Power Transfer 


i К Determine the maximum power that can be 
delivered to В, 
v RL 2 ( v | 
= PR, = R 
Posa = ГК, R+R, L 


Pood _ (R + Rv? — 2v'R(R + Rj) 


ак, (в ку 


yields R, = К 


Maximum power transfer takes place when the load resistance 
А =В 


NTO 110 Lecture 29 


Maximum Power Transfer 


b Determine the value of R, for maximum power 
transfer in the network and find the maximum power 
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Maximum Power Transfer 


Determine the value of R, for maximum power 
transfer in the network and find the maximum power 


Step 2 
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а ik E 
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: н ЖЫП; 
с, 


110 Lecture 29 


Determine the value of R, for maximum 
power transfer in the network and find 
the maximum power 
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Determine the value of R, for maximum 
power transfer in the network and find 
the maximum power 
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Example in lecture 26, pg. 5 
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р 
Find the contribution о the 5mA current source 
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Term Test 2 


Covers lecture 15 — 27 (inclusive) 


Faraday's Law 

Lenz's Law 

Inductors and inductance, self-inductance 

Single-loop circuits, single-node-pair circuits (voltage/current division) 
Nodal/loop analysis 

Equivalence, series and parallel combinations of L, C, R 

Linearity: homogeneity/superposition 


Thévenin's and Norton's theorems 


TC 


Magnetic Field 


NTO ECE110 Review for Term Test 2 


Given a current > find the magnetic field it produced 


Law of Biot and Savart 


Ampere's Law $ BAS = poime 


Special cases 


At a perpendicular distance R from a long 
straight wire, carrying a current i 


pat 
2aR 


Inside of a long solenoid carrying a current 
i with n turns per unit length 


В = шіп 


At the center of a circular arc, of 
radius R and central angle Ф (in 
radians), carrying current i 


- ші 
4aR 


For a full circle (Ф = 2m) 


в- Ат) _ poi 
4тК 2R 


NTO ECE110 Review for Term Test 2 


Magnetic Force 


Given a current and the external magnetic field > find the magnetic force 


Parallel wires carrying currents in the 
same direction attract each other, 


Special case 
whereas parallel wires carrying currents 
E in opposite directions repel each other. 
Fig (7 
ES F » ТЕЙ! 
pod Fpa = iyLB,sin 90° = реге 
2та 


В, (due to i,) 
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Faraday’s Law 


Faraday's Law 


If the magnetic flux through an area bounded by a closed concluding loop changes with 
time, a current and an emf are produced in the loop; this process is called induction 


Magnetic flux Ф, = [aaa 


Induced emf 


NTO ECE110 Review for Term Test 2 


Lenz’s Law 


An induced current has a direction such 
that the magnetic field due to the current 
opposes the change in the magnetic flux 
that induces the current. 
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ECE110 Review for Term Test 2 


Inductor, Inductance, and self-induction 


The inductance of an inductor The energy stored in an inductor 


NOs: Uy = iLP 


І = — 
i 


The inductance of a long solenoid of a length / and a cross-sectional area A 


L = poilA 


An induced electromotive force % , appears in any сой in which the current is 
changing 


For any inductor, the self induced 
emf is 


Ффі-- 


i (decreasing) 


ANG) di 


dt "dt 
i 
E The self induced emf has the 
orientation such that it opposes 
the change in current i 


MONIO ECE110 Review for Term Test 2 


Basics of Circuit Analysis 


Passive sign convention If the voltage and current associated with an 
element are as in this figure, the product of v and i, 
ко with their attendant signs, determines the 
n magnitude and sign of the power. 
P(t) = v(t)i(t) 


Positive > power is being absorbed by the element 
Negative - the element is supplying power 


Independent sources: voltage source, current source 


Dependent sources: VCVS, VCCS, CCCS, CCVS 


Kirchhoff's current law (KCL. Kirchhoff's voltage law (KVL. 
The algebraic sum of the currents The algebraic sum of the voltages 
entering any node is zero. around any loop is zero. 

N м 

Zi -0 У = 0 

= ju 
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Voltage and Current Dividers 


Single-Loop Circuits Single-Node-Pair Circuits 
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me 
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Linearity 
A linear system satisfies additivity and homogeneity properties 


= Homogeneity > scaling 


= Additivity > superposition 


ECE110 Review for Term Test 2 


Equivalence 
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~i 
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Nodal Analysis 


Loop Analysis 


Step 1 


Determine the number of nodes in the circuit. Select one 
node as the reference node. Assign a node voltage 
between each nonreference node and the reference 
node. All node voltages are assumed positive with 
respect to the reference node. For an N-node circuit, 
there are node voltages. As a result, N-1 linearly 
independent equations must be written to solve for the 
node voltages 


Step 2 


Write a constraint equation for each voltage source - 
independent or dependent - in the circuit in terms of the 
assigned node voltages using KVL. Each constraint 
equation represents one of the necessary linearly 
independent equations, and Nv voltage sources yield Nv 
linearly independent equations. For each dependent 
voltage source, express the controlling variable for that 
source in terms of the node voltages. 

A voltage source - independent or dependent - may 
be connected between a nonreference node and the 
reference node or between two nonreference nodes. A 
supernode is formed by a voltage source and its two. 
connecting nonreference nodes. 


Step 1 


Determine the number of independent loops in the 
circuit. Assign a loop current to each independent loop. 
For an N-loop circuit, there are N-loop currents. As а 
result, N linearly independent equations must be written 
to solve for the loop currents. 

If current sources are present in the circuit, either of 
two techniques can be employed. In the first case, one 
loop current is selected to pass through one of the 
current sources. The remaining loop currents are 
determined by open circuiting the current sources in the 
circuit and using this modified circuit to select them. In 
the second case, a current is assigned to each mesh in 
the circuit 


Step 2 


Write a constraint equation for each current source - 
independent or dependent - in the circuit in terms of the 
assigned loop current using KCL. Each constraint 
equation represents one of the necessary linearly. 
independent equations, and current sources yield 
linearly independent equations. For each dependent 
current source, express the controlling variable for that 
source in terms of the loop currents. 


Step3 


Use KCL to formulate the remaining N-1-Nv linearly 
independent equations. First, apply KCL at each. 
nonreference node not connected to a voltage source. 
Second, apply KCL at each supemode. Treat dependent 
current sources like independent current sources when 
formulating the KCL equations. For each dependent 
current source, express the controlling variable in terms 
of the node voltages. 


Step 3 


Use KVL to formulate the remaining linearly 
independent equations. Treat dependent voltage 
sources like independent voltage sources when 
formulating the KVL equations. For each dependent 
voltage source, express the controlling variable in terms 
of the loop currents. 


SONTO ECE110 Review for Term Test 2 


Thévenin’s and Norton’s Theorems 


Yoo = 


Find the Thévenin equivalent resistance (Ry) 


(1) Circuits Containing Only Independent Sources 
Make independent sources zero by replacing the voltage sources with short circuits and the current 
sources with open circuits. Rp, is then found by computing the resistance of the purely resistive 
network at the open terminals. 


(2) Circuits Containing Only Dependent Sources 
Apply an independent voltage or current source at the open terminals and measure the corresponding 
current or voltage at these terminals. The voltage/current ratio at the terminals is the тн. 


(3) Circuits Containing Both Independent and Dependent Sources 


Determine the Ry, by the ratio of the open-circuit voltage to the short-circuit current. 
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Welcome 
(Lecture 30) 


Today’s Agenda 
= Capacitors 
* Inductors 


= Capacitor and Inductor Combinations 


ECE110 Lecture 30 


S TORONTO 
Capacitor 
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$ TORONTO 


Capacitor 


=a) tt с Гоа 
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Ex1 The voltage across a 5 pF capacitor has the waveform shown below. 
Determine the current waveform 


dv 24 + АМ 
v] 04124 x aa bera 
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Capacitor 
Power 
dv(t 
P(t) = v(t)i(t) = Co(t) ao) 
t 
Energy 
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$ TORONTO 


Inductor Tn DC өзінік, veo 


di(f) inductor fs à shot 
dt ta eet 


v(t) = L 
i(t) = Al v(x) dx 


i(t) = (to) + 1 fre 
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t 
Ex2 The current in a 10 mH inductor has the waveform shown below. Determine 
the waveform for the inductor voltage 
A'Y 


Vs ba 
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Ex3 The current in a 4 mH inductor has the waveform shown below. Determine 
the waveform for the inductor voltage 
(X) = = 0.[2 Sin (wt) wA 


2A УА, 


з = — > 20927, 
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10) (mA) 
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$ TORONTO 


Inductor 
Power 
di 
po = vot) = [2 Jo 
Energy 


w(t) = тшй) 
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Ex4 Find the total energy stored in the circuit below 
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Capacitor and Inductor Combinations 


Series 


Resistors 


Rg = DR 


Capacitors 


Inductors 
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Ex5 Find the total capacitance C; in the network. All capacitors are in uF 
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Ex6 Find the total capacitance C; in the network. All capacitors are in uF 
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Ex7 Determine the inductance at terminals A-B in the network below 
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S TORONTO 


Welcome 
(Lecture 31) 


Today’s Agenda 
= Capacitor and Inductor (Review) 


* First-order Circuits 
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$ TORONTO 


Capacitor and Inductor 


Capacitor 
TER w(t) = v(m) +2 nr 
= C 0. C A 
Inductor 
di(t) 


oft) = LT ilt) = ilto) + 1 1 vids 
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First-order Transient Circuits 
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First-order Differential Equation 
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$ TORONTO 


First-order Differential Equation 
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жа)- Ke 
T isthe time testet 
447% кезге wl qims (єй 
a 
x(t) = K, + ИЕ d 
T pacti fero 


NTO 110 Lecture 31 


First-order Transient Circuits 
x(t) 
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First-order Transient Circuits 
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dt R a 


а) = yews T= Re 


he еа dl T is 
the (өле Ж takes |” the 
cireit to setle 


NTO 110 Lecture 31 


First-order Transient Circuits 
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9 "A 
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[See demonstration] 
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Step-by-Step Approach 


Step 1. 
Step 2. 


Step 3. 


Step 4. 


We assume a solution for the variable x(r) of the form x(t) = К, + Ке". 
Assuming that the original circuit has reached steady state before a switch was 
thrown (thereby producing a new circuit), draw this previous circuit with the 
capacitor replaced by an open circuit or the inductor replaced by a short circuit. 
Solve for the voltage across the capacitor, v-(0—), or the current through the 
inductor, i; (0—), prior to switch action. 

Recall from Chapter 6 that voltage across a capacitor and the current flowing 
through an inductor cannot change in zero time. Draw the circuit valid for 

t = 0+ with the switches in their new positions. Replace a capacitor with a 
voltage source vc(0--) = vc(0—) or an inductor with a current source of value 
i,(0+) = i, (0—). Solve for the initial value of the variable x(0+) 

Assuming that steady state has been reached after the switches are thrown, 
draw the equivalent circuit, valid for > 57, by replacing the capacitor by 

an open circuit or the inductor by a short circuit. Solve for the steady-state 
value of the variable 


x(oo) 


x(t) |)» 


qe 


FT 
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Step-by-Step Approach 


Step 5. 


Step 6. 


Since the time constant for all voltages and currents in the circuit will be the 
same, it can be obtained by reducing the entire circuit to a simple series circuit 
containing a voltage source, resistor, and a storage element (i.e., capacitor or 
inductor) by forming a simple Thévenin equivalent circuit at the terminals of 
the storage element. This Thévenin equivalent circuit is obtained by looking 
into the circuit from the terminals of the storage element. The time constant for 
a circuit containing a capacitor is т = Rm C, and for a circuit containing an 
inductor itis T = L/Rm. 

Using the results of steps 3, 4, and 5, we can evaluate the constants in step 1 as 


x(0+) = K, + K, 
хә) = К, 
Therefore, К, = х(со), К, = х(0+) — 


x(r) = (оо) + [х(0+) — x(c0) Je” 


and hence the solution is 


Keep in mind that this solution form applies only to a first-order circuit having 
de sources. If the sources are not de, the forced response will be different. 
Generally, the forced response is of the same form as the forcing functions 
(sources) and their derivatives. 


EX1  Thecircuit is in steady state prior to time t = 0, when the switch is closed. 
Determine the current i(t) for t > 0 using the step-by-step approach 


73 ка вка if) ака 


EX1  Thecircuit is in steady state prior to time t = 0, when the switch is closed. 
Determine the current i(t) for t > 0 using the step-by-step approach 
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Ex1 The circuit is in steady state prior to time t = 0, when the switch is closed. 
Determine the current i(t) for t > 0 using the step-by-step approach 


[See demonstration] 
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Ex2 The circuit is in steady state prior to time t = 0, when the switch is closed. 
Determine the voltage v(t) for t > 0 using the step-by-step approach 


EXAMPLE qm 
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Ex2 The circuit is in steady state prior to time t = 0, when the switch is closed. 
Determine the voltage v(t) for t > 0 using the step-by-step approach 
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$ TORONTO 


Welcome 
(Lecture 32) 


Today’s Agenda 


* First-order Circuits 
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First-order Differential Equation (Review) 


dx(t) 
dt 


Particular integral solution 
(or forced response) 
Find x,(t) by solving 


dx (t) 
m + ax (t) =A 
x(t) = Ki = а 
x(t) = 


+ ax(t)= А 


Complementary solution 
(or natural response) 
Find x,(t) by solving 


=. + ах. (1) = 0 
x,(t) = Ке“ 
X(0)= Kit ky 


Ki + Ке" : 
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First-order Transient Circuits 
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LOTO 
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Step-by-Step Approach 
[ovv 
Step 1. We assume a solution for the variable x(r) of the form x(t) = Кү + Ke 
Step 2. Assuming that the original circuit has reached steady state before a switch was 
Ste thrown (thereby producing a new circuit), draw this previous circuit with the 
state | capacitor replaced by an open circuit or the inductor replaced by a short circuit. 
+<o- Solve for the voltage across the capacitor, v-(0—), or the current through the 
inductor, i; (0—), prior to switch action. 
Step 3. Recall from Chapter 6 that voltage across a capacitor and the current flowing 
+= 0+ through an inductor cannot change in zero time. Draw the circuit valid for 
t = 0+ with the switches in their new positions. Replace a capacitor with a 


e. 


voltage soure: or an inductor with a current source of value 


с 0с(0+) = %(0-) 
— i, (0) = i,(0-). Solve for the initial value of the variable x(0+) 


Step 4. Assuming that steady state has been reached after the switches are thrown, 

бе“ draw the equivalent circuit, valid for t > 57, by replacing the capacitor by 

state 7 an open circuit or the inductor by a short circuit. Solve for the steady-state 
value of the variable 


ее 250) x(t)- 
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Step-by-Step Approach 


Step 5. 


Step 6. 


Since the time constant for all voltages and currents in the circuit will be the 
same, it can be obtained by reducing the entire circuit to a simple series circuit 
containing a voltage source, resistor, and a storage element (i.e., capacitor or 
inductor) by forming a simple Thévenin equivalent circuit at the terminals of 
the storage element. This Thévenin equivalent circuit is obtained by looking 
into the circuit from the terminals of the storage element. The time constant for 
a circuit containing a capacitor ist = Rm С. and for a circuit containing an 
inductor it ist = L/Rm: 

Using the results of steps 3, 4, and 5, we can evaluate the constants in step 1 as 


х(0+) = K, + К, 
x(oo) = К, 
Therefore, Ку = x(00), Ky = х(0+) - х(оо). and hence the solution is 
x(t) = х(оо) + [x(0+) — x(00) Je" 
Keep in mind that this solution form applies only to a first-order circuit having 
de sources. If the sources are not de, the forced response will be different. 


Generally, the forced response is of the same form as the forcing functions 
(sources) and their derivatives. 
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EX1 Assume the switch has been in position 1 for a long time. At time t = 0, 
the switch is moved to position 2. Determine the current i(t) for t > 0 using 

EXAMPLE — the step-by-step approach -% 

7л Step 1+ fete К, + Ke 
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Ex1 Assume the switch has been in position 1 for a long time. At time t = 0, 
the switch is moved to position 2. Determine the current i(t) for t > 0 using 
EXAMPLE the step-by-step approach 
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Ex2 The circuit is in steady state prior to time t = 0, when the switch is closed. 
_ Determine the voltage v(t) for t > 0 using the step-by-step approach 
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Ex2 The circuit is in steady state prior to time t = 0, when the switch is closed. 
Determine the voltage v(t) for t > 0 using the step-by-step approach 
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Welcome 
(Lecture 33) 


Today’s Agenda 
* First-order Circuits (Review) 


= Sinusoids 


TC 


N 


ECE110 Lecture 33 


Step-by-Step Approach 


Step 1. 
Step 2. 


Step 3. 


Step 4. 


We assume a solution for the variable x(r) of the form x(t) = К, + Ke”. 
Assuming that the original circuit has reached steady state before a switch was 
thrown (thereby producing a new circuit), draw this previous circuit with the 
capacitor replaced by an open circuit or the inductor replaced by a short circuit. 
Solve for the voltage across the capacitor, v. (0— ), or the current through the 
inductor, i; (0—), prior to switch action. 

Recall from Chapter 6 that voltage across a capacitor and the current flowing 
through an inductor cannot change in zero time. Draw the circuit valid for 

t = 0+ with the switches in their new positions. Replace a capacitor with a 
voltage source vc(0--) = vc(0—) or an inductor with a current source of value 
i,(0+) = i, (0—). Solve for the initial value of the variable х(0+) 

Assuming that steady state has been reached after the switches are thrown, 
draw the equivalent circuit, valid for t > 57, by replacing the capacitor by 

an open circuit or the inductor by a short circuit. Solve for the steady-state 
value of the variable 


x(oo) 


x(t) |)» 
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Step-by-Step Approach 


Step 5. 


Step 6. 


Since the time constant for all voltages and currents in the circuit will be the 
same, it can be obtained by reducing the entire circuit to a simple series circuit 
containing a voltage source, resistor, and a storage element (i.e., capacitor or 
inductor) by forming a simple Thévenin equivalent circuit at the terminals of 
the storage element. This Thévenin equivalent circuit is obtained by looking 
into the circuit from the terminals of the storage element. The time constant for 
a circuit containing a capacitor is т = Rm C, and for a circuit containing an 
inductor it is 7 = L/Rm. 

Using the results of steps 3, 4, and 5, we can evaluate the constants in step 1 as 


x(0+) = K, + K, 
хә) = К, 
Therefore, К, = х(со), К, = х(0+) — 


x(r) = (оо) + [х(0+) — x(c0) Je” 


and hence the solution is 


Keep in mind that this solution form applies only to a first-order circuit having 
de sources. If the sources are not de, the forced response will be different. 
Generally, the forced response is of the same form as the forcing functions 
(sources) and their derivatives. 
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Ope 
Ex1 The circuit is in steady state prior to time t = 0, when the switch is piis 
Determine the current i(t) for t > 0 using the step-by-step approach 
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Ex1 The circuit is in steady state prior to time t = 0, when the switch is closed. 
Determine the current i(t) for t > 0 using the step-by-step approach 
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Ex1 The circuit is in steady state prior to time t = 0, when the switch is closed. 
Determine the current i(t) for t > 0 using the step-by-step approach 
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ope 
Ex2 The circuit is in steady state prior to time t = 0, when the switch is-clased. 
Determine the voltage v(t) for t > 0 using the step-by-step approach 


Step |: Assume 00) Kit Kre 


an Stepi deo 


р 34 Mo. 
ue pue n 
(+19) 
x 2204 iugo 7-3% 
1,15) = e 
E 2 t ЕЗІ) s 3^ 


110 Lecture 33 


Ex2 The circuit is in steady state prior to time t = 0, when the switch is closed 
Determine the voltage v(t) for t > 0 using the step-by-step approach 
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Ex2 The circuit is in steady state prior to time t = 0, when the switch is closed. 
Determine the voltage v(t) for t > 0 using the step-by-step approach 
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Ex2 The circuit is in steady state prior to time t = 0, when the switch is closed. 
Determine the voltage v(t) for t > 0 using the step-by-step approach 

EXAMPLE Be 
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Welcome 
(Lecture 34) 


Today’s Agenda 
= Sinusoids 


= Review Complex Numbers 
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Sinusoid 
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Sinusoid 
ха), 
ЖХи--> 
EX tmi 
Frequency 1 ы Ha 
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Sinusoid 
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(еее орно phase n] 


x(t) = Xy sin(ot + 0) 


х(оғ) 


Жи sin (wt + 0) 
Жм sin wt 
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Sinusoid H otg, + ftos owe ot Ф penie, 
x(t) = Xy,sin(wt + 0) 
x(t) = Xy,sin(wt + ф) 


хо) leads wilt) by Cg - f) raion 
x, Nags: 1472) у (ө-% yad ims 
x(t) = Xy sin| ot ae = Xysin(wt + 90°) 


= Xm tts wt) 


Sinusoid 


coswt = 


sinof = 
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З т 
(о i z) —cos(wt) = cos(wt + 180°) 
= —sin(wt) = sin(wt + 180°) 
(ы = т) 


sin(a + B) = sina cosB + cosa sing 
cos(a + B) = cosa созВ — sina sing 
sin(a = B) = sina соѕ В — cosa sing 


cos(a — B) = созо созВ + sina sing 
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We wish to plot the waveforms for the following functions: 


v(t) = Leos (wt + 45°) 


cos( wt + 45 Je) = < os (utis) 


eS wt- 35836) = 1e etur) 


v(t) = 1 cos(ot + 225°) 
v(t) = 1cos(wr — 315°) _ 


game as а. 
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Determine the frequency and the phase angle between the two voltages (1) = 
12 sin (1000; + 60°) V and (+) = 


= —6 cos(1000r + 30°) V. 
w poo 
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Complex Numbers AME sank. à 
fenem i T je) 


Please refer to the Appendix of the textbook 


Complex numbers can be represented in three forms: 


Imaginary 
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Complex Numbers 


Real axis 


Euler's identity 
e" = соѕ0 + jsin6 


xli din Ж esto) + st) = 1 
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Complex Numbers 


Summary 
EXPONENTIAL POLAR RECTANGULAR 
ze^ 2/8 ху 
Ө = tan у/х Ө = tan ‘y/x X =zcos0 


2- Ме +у 2= Ме +H y = zsin8 
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Complex Numbers 
The sum of two complex numbers 
А = х + jy and B = x, + Ју іѕ 
A+ B=x, + jy + x + Je 
= (х + x2) + Ду, +») 
The difference of two complex numbers 
A = z/0, = x, + jy and = 2/6, = x; + № 
A= B= (x + jn) — (x2 + j») 


= (x) — 5) + Ду — ») 
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Complex Numbers 


The product of two complex numbers 


А = z/0, = x, + jy and = 2/0, = x; + jy, 


AB = (ве) (зе) = 2/6 + 0; 


The quotient of two complex numbers 


A = z/0, = x, + jy and = 2/6, = x; + № 
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Ex3 Given A = 5/36.9° and B = 5/53.1° 


Find the sum, difference, product, and quotient of A and В 
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Welcome 
(Lecture 35) 


Today’s Agenda 

* Sinusoids and Complex Numbers (Review) 
* Sinusoidal Forcing Functions 

* Phasors 


* Phasor Relationships for Circuit Elements 
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x(t) = Xy іп ші 


xi(t) leads х,(1) by Ө — Фф radians 
x(t) lags x,(r) by 0 — ¢ radians 


x(t) = Xy, sin(or + ф) 


x(t) = Xy, sin(or + 0) | 


cos wt = sin( or + 


i T 
sinwt = cos| of — > 


—cos(wt) = cos(wt + 180°) 


—sin(wt) = sin(wr + 180°) 
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Complex Numbers (Review) 


Euler's equation e? = cos 0 + | біп Ө ge 


Complex numbers can be represented in three forms: 


EXPONENTI POLAR RECTANGULAR 
ze 218 ху 

9 = tan^y/x 6 = tan y/x х = zcosü 

2=V¥+¥ zZ=V¥ +у y = zsine 


А+В=х + iy txt in АВ = (zie™)(z2e*)) = 2122/0, + Ө, 


= (м + 2) Ду +») 


jo 
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A =B = (x, + jy) = (x2 + in) 
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AC Steady State 


If we apply a sinusoidal forcing function to a linear network, the steady- 
state voltages and currents in the network will also be sinusoidal (in the 
same frequency) 


v(t) = Asin(wr + 9) 


1 
i(t) = Bsin(ot + Фф) 
S > 
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Sinusoidal Forcing Function 


If the forcing function v(t) = Уусов wt, what is the expression for i(t)? 
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Using Euler’s Equation 
R 


e" = сов + jsinwt 


v(t) = Ум cos wt 


i(t) 


v(t) = Vyel" v(t) = Vy cosot + jV, sin wt 


1 M 


i(t) = 1,0 0*9 i(t) = Iy cos(ot + $) + jIysin(ot + $) 
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Sinusoidal Forcing Function 


If the forcing function v(t) = Vcos wt, what is the expression for i(t)? 
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Sinusoidal Forcing Function 
If the forcing function v(t) = Vcos wt, what is the expression for i(t)? 
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Sinusoidal Forcing Function 


If the forcing function v(t) = Vcos wt, what is the expression for i(t)? 
Va 
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Phasor 


If the forcing function is v(t) = Vcos (wt + Ө) 


v(t) = Vy cos(wt + 9) = Ее(у,е/ 9) 


or v(t) = Re(V,, /0 е) 


Since only the real part is the desired answer, and each term in the 
equations will contain e*t, we can drop Re(:) and e and work only 
with the complex number Vy /0. 


This complex representation is commonly called a phasor. 
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Phasor 
Using phasors allows us to transform a set of differential equations with 


sinusoidal forcing functions in the time domain into a set of algebraic 
equations containing complex numbers in the frequency domain 


TABLE 8.1 Phasor representation 


TIME DOMAIN FREQUENCY DOMAIN 


Acos(wr + 0) A[£0 
Asin(ot + 0) А/+0 — 90° 


Note that phase angle is based on cosine functions 
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Ex1 Convert the following voltage function to phasor 
v(t) = 18sin (2513t + 4.2°) 


У јаје 


= 1} yp Э.Е у 


Ех2 Convert the following phasors to the time domain if the frequency 
is 400Hz 


У = 12/-60°V Ws saf uid 
5 
Vct) = 12 Coy( wt — bo’) 


12 vs [њо - be") V 
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Phasor Relationship for Resistors 


v(t) = КО | 
V. ET RI кш 


в, & 
del wa" 


= Км, 00-0; 


For resistors, curret omd val tages 
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Corrections e di(t) 
have been made v(t) = di 
to the notes Сын B 26 
during the ao 164 a (4%) 
lecture м = | TE Ime 
(4+ 01) 
= a b Saxe 
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$ TORONTO 


Welcome 
(Lecture 36) 


Today’s Agenda 
= Phasors (Review) 
= Phasor Relationships for Circuit Elements 


= Impedance and Admittance 
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Phasor 


If the forcing function is v(t) = Vycos (wt + Ө) 


v(t) = Vy cos(wt + 9) = Ее(у,е/ 9) 


or v(t) = Re(V,, /0 е) 


Since only the real part is the desired answer, and each term in the 
equations will contain e*t, we can drop Re(:) and e and work only 
with the complex number Vy /0 


This complex representation is commonly called a phasor. 


У = Vu (0 
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Phasor 
Using phasors allows us to transform a set of differential equations with 


sinusoidal forcing functions in the time domain into a set of algebraic 
equations containing complex numbers in the frequency domain 


TABLE 8.1 Phasor representation 


TIME DOMAIN FREQUENCY DOMAIN 


Acos(wr + 0) А/+0 
Asin(ot + 0) А [0 — 90° 


Note that phase angle is based on cosine functions 
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Phasor Relationship for Resistors 
v(t) = Ri(t) 
In phaser fe": V a ВЕ 
ыма Ve vues , Le Дн 
Vaz RIm 
бу= Bi 


Бе” vesistors , torrents ond velteges 
ore Hts к place 
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di(t 
v(t) ae) 
ie) d jest 80 ее) 
me = bur me = j* "T. 


vit "i 


Әу: [IER 


wi 
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б- Ви+ = 
Сене leeds voltage р ge 
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Phasor Relationships for R, L, C 


| ip 1 


MO = DR ŠR V=RI R У = М 
т 
а ip p 1 
| | - | 
| Ши L L V = јо 
| = В - 
е L. 

ача 

a i = CP а 1 = juCV 

EE | me 

| w +e | у Le I= joCV 

= | - 
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Ех1 'f the voltage v(t) = 24cos(377t + 75°) V is applied to a 60 resistor. 
Determine the resultant current 


V= 24225 У 
желе à 
E R i 


it): 4 ws (77€ + 15°) A 


Ex2 ІНһе voltage v(t) = 12cos(377t + 20°) V is applied to a 20 mH inductor. 
Determine the resultant current 


М2 12029 V 

DUE ЧЕ DES 

= Тм» wh gee 
I= 


в 
à 
t 

à 
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Ex3 !fthe voltage v(t) = 100cos(314t + 15°) V is applied to a 100 pF capacitor. 
Determine the resultant current 


Ve gez V 
ic jet Y 


Jag ade emp 199 ДЕ 
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Impedance 
@ о Lo] о 1 
R У-м R V=RI 
6. 8 
$ * z 6 Y - 
| LE © ps L V = joLI 
L © 
е =c 6 T= juCV 
| к Je | | у ic I= joCV 
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Impedance 


Impedance is defined as the ratio of the phasor voltage V to the phasor 
current | at the two terminals of the element (following passive sign 
convention) 


1-7 
wit: Ohms 
impedence 2 y 16, М 
7 
swta Lol Y -o= 28, 
pur и (0 М 


In rectangular form, impedance is expressed as 
Z(w) = R(w) + jX(o) 
veal, imagi we a 
(ov restive (em текие. 


v met) үз, a 
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Impedance 
Both Rim ed ҮС) 
owe jpeg de 


Im {oi 


Z(w) = R(w) + jX(w) 


Rectmgule pee 


Zz[0,- R + jX В = 7 cos, 
J Y x=Zsine, 
yesistomce уа оме 
z- VE X 
iX 


0. 


Il 


tan 
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isis 


Impedance of R,L,C 2 = 


Passive Element Impedance 


R Z=R 


use VT qs- in slide 10 


L Z = jol = jX, = wl /90°, X, = wl 


Б: ay mao oo yH 
© Z= ot gc = с 


110 Lecture 36 


Impedance in Parallel and Series 


If Z4, Z5, Z4, ..., Zp are connected in series, the equivalent impedance 
Z, is 
Z, = Z, + Z, + ++, 


If Z4, Z5, Z4, ..., Z, are connected in parallel, the equivalent impedance 


Z, is 
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Ex4 Determine the equivalent impedance of the network if the frequency is (a) 
f = 60Hz, (b) f = 400Hz 


la) f= be He 
i) вт 
Zee Vr 
К = 250 
Zisjuls ph. mm 
L 
“0 9 f L - 20mH ) ! 
4 7.54 n 
Æ C=50pF os. af 
Om \ Í re 
M We je? FT mb Le; 
2- Zg* 2,+ 2e " J 
Sa he 
+ We JO) > he Sop 
ewe jassi f == {гур Л. 
1 V X2» > tu уед емсе 4 te ыгы ot Goth 
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ONTO 


Ex4 Determine the equivalent impedance of the network if the frequency is (a) 
f = 60Hz, (b) f = 400Hz 


0 4?) T до H2 
R-250 бе 2% a pee л 
“(9 Lome X20 әм Yeste 4 o 
иеш at doo На is 
= C = 50pF 
" inductive 


